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What we learned from rotational symme-
try of the Coulomb potential
Members of the Hilbert space are represented by complex functions.

The equations of motion are (differential) equations acting on members
of the Hilbert space.

The equations of motion (Schrodinger equation) are invariant under
rotations of the coordinates.

Members of the Hilbert space (functions) transform into one another
under rotations. For example, the three spherical harmonics Y, trans-
form into one another when we transform the 6 and ¢ coordinates to

represent a rotation.
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For each rotation, the transformation can be represented by a 3 x 3 ma-
trix called D(R). This example is called a 3-dimensional representation of the rotations
and the Y™ are called the basis elements of the representation.

When we have a representation of the rotations, with the additional
property that for every basis element b, can be transformed to another
basis element bg by some rotation, then we call this an irreducible representation.



e Rotational symmetry implies that the Hamiltonian commutes with
the n-dimensional rotation representation, [H,D(R)] = 0. When the
representation is irreducible, the Hamiltonian has n eigen-vectors (or
eigenfunctions) with the same eigenvalue £. That is, there are n differ-
ent vectors v, so that Hv,,, = E1,,. We say that E is an eigenvalue with degeneracy n.

e The rotation group has irreducible representations of dimensionalities
1, 3, 5, ... (all the odd numbers).

Irreducible representations of SO(3)

1
Energy
E— 5 states JE— D
- 3 states e P
E— 1 state S
Perfect SO(3) symmetry Broken symmetry
complete degeneracy splitting

2 Irreducible representations of SU(2) — Isospin

e The group SU(2) is defined as the Lie group of 2x2 unitary matrices
with determinant 1, such as

w= (_01 [1)) . (2)

e We've already studied this group since it is a natural extension of the
rotation group. It has the same irreducible representations (irreps)
as the rotation group and in addition has even-numbered-dimension
irreps also known as spinor representations. In particular, the lowest-
dimension irreps are of dimension 1, 2 and 3.



e These patterns were seen in the earliest known baryons.

Irreducible representations of SU(2)

1
Mass n 1 state (particle)  — n' (958 MeV)
R 939 M
(energy) N 2 states (particles) —_— B 938 Mgm
Mev
i 3 states (particle) - 70 (135 MeV)
Perfect SU(2) symmetry Broken symmetry

complete degeneracy splitting

e A new symmetry was proposed. IT WAS SU(2) AND WAS CALLED
ISOSPIN SYMMETRY. It operated on baryon states and
transformed one kind of baryon into another.

e Life is more complicated than simply measuring energies or masses. In
chemistry, reactions occur. In particle physics, scattering occurs. In
both cases, symmetries imply conservation laws.

For example, if you scatter (collide) 2 baryons, their isospin is pre-
served. If we were talking about rotational symmetry, we’d say some-
thing like “the z component of angular momentum must be preserved”.
For baryons, we say “the z component of isospin must be preserved”.
That happens (approximately). We refer to some of these con-
served quantities as quantum numbers.

Irreducible representations of SU(3)

e The group SU(3) is defined as the Lie group of 3x3 unitary matrices
with determinant 1. So, for example, consider the matrices U; and U,y



defined by
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These are both unitary with determinant 1. Their product is also
unitary with determinant 1 and therefore an element of SU(3).

e The dimensions of the lowest-order irreducible representations are 1,
3, 6, 8 and 10. These patterns were seen as more baryons were
discovered.

Octet (irreducible) representations of SU(3)

Mass
7= =0 (o
(energy) —_— =7, 2 (~1318 MeV)
Mev — 3% 30(~1193 MeV)
———  A(1116 MeV)
lowest baryon octet
8 states (particles) e N,p (~939 MeV)
1N (549 MeV)

lowest meson octet K%, K0, kT (~498 MeV)

8 states (particles)

mE, m0(~ 140 MeV)

Broken symmetry
splitting

Perfect SU(3) symmetry

complete degeneracy



Some other irreducible representations of SU(3)

Mass _— Q (1672 MeV)
(energy)
Mev — =,20(~ 1384 MeV)
Lowest baryon decu&)let ) — 27,2% 2% (~ 1318 MeV)
10 states (particles) _ A= A0 A% A+ (~ 1232 MeV)

Lowest baryon singlet
g1 state (particle) _ n' (958 MeV)

Broken symmetry

Perfect SU(3) symmetry i
splitting

complete degeneracy

e The groups of baryons are characterized by a variety of quantum num-
bers such as isospin, charge, overall spin etc. Furthermore, the isospin
groupings are contained within them.

e A new symmetry was proposed, which contained the isospin symmetry
SU(2). IT WAS SU(3) AND IS NOW CALLED FLAVOR-
SU(3). When Murray Gell-Mann proposed the symmetry, the
() particle hadn’t yet been found. He predicted it and won the
Nobel Prize for his work.

e QUESTION: Where are the 3-dimensional and 6-dimensional represen-
tations?” ANSWER: These have never been seen. The 3-D representa-
tion particles are called quarks.
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