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Section 1

Crystals



Improving on the free electron approximation

▶ Drude and Sommerfeld models use free electron approximation
Neglect the ionic field on e−

▶ There are significant prediction-modifications if we include that field

▶ Assume (for now) that ions form a perfect static crystal structure

▶ Ashcroft and Mermin chapters 4,5, 7 classify all such crystals
▶ I will focus on SCC (simple cubic) configs

▶ (For now) look at predictions only dependent on crystal structure

▶ Most other details of the ion-e− potential won’t matter



Bravais lattice and primitive vectors

▶ A Bravais lattice consists of points R = n1a1 + n2a2 + n3a3

▶ ni are integers
▶ ai are three independent vectors called primitive vectors
▶ R is a Bravais vector
▶ ai span or generate the lattice

▶ Example: Simple cubic (SC) lattice

a1 = (1, 0, 0), a2 = (0, 1, 0), a3 = (0, 0, 1)

• 

Bn~i-. Latlitt 65 

where a .. a 2 , and a3 are any three vectors not all in the same plane, and r1" 

n2 , and n3 range through all integral values.3 Thus the point l:n,a1 is reached by 
moving n1 steps4 of le1.1gth a1 in the direction of a1 for i = 1, 2, and 3. 

The vectors a, appearing in definition (b) of a Bravais lattice are caJied primitit•e 
vectors and are said to gene1·ate or span the lattice. 

It takes some thought to see that the two definitions of a Bravais lattice are equiva­
lent. That any array satisfying (b) also satisfies (a) becomes evident as soon as both def­
initions are understood. The argument that atl)' array satisfying definition (a) can 
be generated by an appropriate set of three vectors is not as obvious. The proof 
consists of an explicit recipe for constructing three primitive vectors. The construction 
is given in Problem Sa . 
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• 
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• 
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Figure 4.1 
A general two-dimensional Bravais latlic:e of no 
particular ~-ymmetry : Lhe obhque net. Primitive 
vectors a 1 and a 2 are shown. All points in the ne1 are 
linear combinations of these with integral coefficients; 
for example. P = a , + 2a2, and Q = -a, + a2 • 

Figure 4.! shows a port ion of a t wo-dimcnsional Bravais lattice. 5 Clearly definition 
{a) is satisfied, and the primitive vectors a 1 and a 2 required by definuion (b) are 
indicated in the figure. Figure 42 shows one of the most familiar of three-dimensional 
Bravais lattices, the simple cubic. lt owes its special structure to the fact that it can 
be spanned by three mutually perpendicular primitive vectors of equal length. 

Figure 4.2 
A simple cub1c three-d•mensional Bravais laHice. The three 
primitive vectors can be taken to bt mutually J>~:rpendicular, 
and with a common magni tude. 

> We continue wilh 1hc convention that "integer" means a negative tnteger or tero, as well as a 
posiuve tnteger 

• When n 1s negauve. n steps Ul a <fu~tion means n steps in 1he oJ)pOsite direction. The point reached 
does not. of course. depend on the order in which the n1 + "• + "• slcps nrc taken. 

' A two~mensional Bravais lattice is also known as a nrt 

Simple cubic Bravais lattice

▶ The coordination number is # of nearest-neighbors of any point.

▶ On an SCC, the coordination number is 6.



Cells
Cells are spacial regions. Space can be filled by non-overlapping regions
that are translations of cells by a subset of Bravais vectors.

▶ primitive (unit) cell : One lattice point per cell

▶ (conventional) unit cell : Cell has same symmetry as lattice

▶ Wigner-Seitz cell : Primitive cell with same symmetry as lattice
The Wigner-Seitz cell about a lattice point is the region of space that is closer to that point than to any
other lattice point

Simple cubic Wigner Seitz cell



Crystal structures a.k.a lattices with bases
Crystal: Each copy of primitive cell has identical collection of ions

▶ Crystal structure locations are given by the lattice basis cj

▶ Ions are located at n1a1 + n2a2 + n3a3 + cj

▶ In general, there could be different species of ions at different j

▶ Examples starting with the SC Bravais lattice (n1, n2, n3)

▶ Monatomic SC crystal: c1 = 0.
▶ Body-centered cubic crystal: c1 = 0, c2 = ( 12 ,

1
2 ,

1
2 )

Body-centered crystal structure



Example Bravais lattices

Further Illustrntions and Important Examples 67 

minor shortcomings. First, for any given Bravais lattice the set of primitive vectors 
is not unique- indeed, there are infinitely many nonequivalent choices (see Figure 
4.4)-and it is distasteful (and sometimes misleading) to rely too heavily on a defi­
nition that emphasizes a particular choice. Second, when presented with a particular 
array of points one usually can tell a t a glance whether the first definition is satisfied, 
allhough the existence of a set of primitive vectors or a proof that there is no such 
set can be rather more difficult to perceive immediately . 

• • • • • • • Figure 4.4 

• .L • \ • • Several possible choices of pairs of 

• • ... • 
primitive vectors for a two-dimen-

• Bravais lattice. They sional are 

• ··/-. • v . • drawn, for clari ty, from different 

• • • ongms . 

• • • • • 
• • • 

• • • • • 
Consider, for example, the body-centered cubic (bee) lattice, formed by adding to 

the simple cubic lattice ofFigure4.2 (whose sites we now label A) an additional point, 
B, at the center of each lit tle cube (Figure 4.5). One might at first feel that the center 
points B bear a different relation to lhe whole than the corner points A. However, 
the center point B can be tho ught of as comer points of a second simple cubic array. 

Figure 4.5 
A few sites from a body-centered cubic Bravais 
lattice. Note that it can be regarded eithec as a simple 
cubic lattice formed from the points A with the pointS 
B at the cube centers, or as a simple cubic lattice 
formed from the poin ts B with the points A at the 
cube centers. This obser vation establishes that it is 
indeed a Bravais lattice. 
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In this new array the comer points A of the original cubic array are center points. 
T hus all points do have identical surroundings, and the body-centered cubic lattice 
is a Bravais lattice. ff the original simple cubic lattice is generated by primitive vectors 

Wl, a:)l, a2, (4 .2) 

(a) Bravais lattice

74 Chapter 4 Crystal Lattices 

Wigner-Seitz cell, when translated through all lattice vectors, will just fill space 
without overlapping; i.e., the Wigner-Seitz cell is a primitive cell. 

Since there is nothing in the definition of the Wigner-Seitz cell that refers to any 
particular choice of primitive vectors, the Wigncr-Seitz cell will be as symmetrical 
as tile Bravais lattice.u 

The Wigner-Seitz unit cell js illustrated for a two-dimensional Bravais lattice in 
Figure 4.14 and for the three-dimensional body-centered cubic and face-centered 
cubic Bravais lattices in figures 4.15 and 4.16. 

Note that the Wigner-Seitz unit cell about a lattice point can be constructed by 
drawing lines connecting the point to all others1 3 in the Ia n ice, bisecting each line 

• 
• 

• Figure 4.14 
The W1gner-Seia cell fo r a two-dimensional 
Bravais lattice. The six sides of the cell bisect 
the lines joining the central points to its six 
nearest neighboring points (shown as dashed 
lines). In two dimensions the Wigncr-Seitz 
cell is always a hexagon unless the lattice is 
rectangular (see Problem 4a) . 

Figure ·US 
The Wigncr-Scitz cell for the body-centered cubic Bravais 
lattice (a ··truncated octahedron"). The surrounding cube is a 
conventional body-centered cubic cell with a lattice point at 
its center and on each vertex. The heKagonal faces bisect the 
lines joining the central point to the points on lhe vertices 
(drawn as solid lines). The square faces bisect the lines joining 
lhe central point to the central points in each of the six neigh­
boring cubic cells (not drawn). The hexagons are regular (see 
Problem 4d). 

Figure 4.16 
Wigner-Seitz cell for the face-centered cubic Bravais 
lattice (a "rhombic dodecahedron' '). The surrounding 
cube is not the conventional cubic cell of Figure 4.12, 
but one in which lattice points are at the center of the 
cube and at the center of the 12 edges. Each of the 12 
(congruent) faces is perpendicular to a line joining the 
central point to a point on the center of an edge. 

u A precise definition of"as symmetrical as" is given in Chapter 7. 
11 In practice only a fairly small number of nearby points actually y: -.lanes thar bound the cell 

(b) Wigner Seitz cell

Body-centered cubic

• 

I Further llii.ISfTatious and Important Examples 69 

Figure4.8 
Some points from a face-centered 
cubic Bravais lattice. 

• 

w 

Up 

E 
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to the centers of all the horizontal faces. The original simple cubic lattice points are 
now centering points on the horizontal faces of the new simple cubic lattice, whereas 
the points that were added to the centers of the north-south fac.es of the original cubic 
lattice are in the centers of the east-west faces of the new one, and vice versa. 

In the same way one can also regard the simple cubic lattice as being composed 
of all points centering the north-south faces of the original simple cubic lattice, or 
all points centering the east-west faces of the original cubic lattice. l n either case the 
remaining points will be found centered on the faces of the new simple cubic frame­
work. ·Thus any point can be thought of either as a corner point or as a face-centering 
point for any of the three kinds of faces, and the face-centered cubic lattice is indeed 
a Bravais lattice. 

A symmetric set of primitive vectors for the face-centered cubic lattice (see Figure 
4.9) is a a 

a1 = 
2 

(5' + 2), a2 = 2 (2 + ~). 

Figure 4.9 ( 
A set of primitive vectors, as given in Eq. (4.5), 
for the face-centered cubic Bravais lattice. The 
labeled points are P = a1 + a2 + a3, Q = 2a2, 
R = 8 2 + a 3 , and S = - a1 + a2 + 8 3 . 

(4.5) 

p 

The face-centered cubic and body-centered cubic Bravais lattices are of great 
importance, since an enormous variety of solids crystallize in these forms with an 
atom (or ion} at each lattice site (see Tables 4.1 and 4.2). (The corresponding simple 
cubic form, however, is very rare, the alpha phase of polonium being the only known 
example among the elements under normal conditions.) 

(a) Bravais lattice
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Wigner-Seitz cell, when translated through all lattice vectors, will just fill space 
without overlapping; i.e., the Wigner-Seitz cell is a primitive cell. 

Since there is nothing in the definition of the Wigner-Seitz cell that refers to any 
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the lines joining the central points to its six 
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cell is always a hexagon unless the lattice is 
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cube is not the conventional cubic cell of Figure 4.12, 
but one in which lattice points are at the center of the 
cube and at the center of the 12 edges. Each of the 12 
(congruent) faces is perpendicular to a line joining the 
central point to a point on the center of an edge. 

u A precise definition of"as symmetrical as" is given in Chapter 7. 
11 In practice only a fairly small number of nearby points actually y: -.lanes thar bound the cell 

(b) Wigner Seitz cell

Face-centered cubic



Reciprocal lattice

The reciprocal lattice is the set of K with e iK·(r+R) = e iK·r for all r and
for every Bravais vector R.

▶ e iK·R = 1

▶ e iK·r are plane waves with periodicity of the (direct) Bravais lattice

▶ It can be proven that the reciprocal lattice is a Bravais lattice with
generators bi (Ashcroft and Mermin Chptr 5)

▶ Also, the reciprocal of the reciprocal lattice is the direct lattice.

▶ Example 1 Reciprocal lattice of SC is SC.

▶ Example 2 Reciprocal lattice of BCC is FCC (and vice versa)

▶ If v is the volume of a primitive cell of the direct lattice, then (2π)3

v
is the volume of a primitive cell of the reciprocal lattice.

▶ Wigner Seitz cell of reciprocal lattice is called the first Brillouin zone



Section 2

Electron Levels in a Periodic Potential



The periodic potential
See Ashcroft and Mermin Chapter 8.

• 

Bloch's Theorem 133 

periodic it must satisfy (8.1). From this fact alone many important conclusions can 
already be drawn. 

Qualitatively, however, a typical crystalline potential might be expected to have 
the form shown in Figure 8.1, resembling the individual atomic potential.s as the ion 
is approached closely and flattening off in the region between ions. 

U(r) 

X 
t~~~-

• • • • • • · ......... ·• ' , .. / ' ...... 

figure 8.l 
A typical crystalline periodic 
potential, plotted along a line 
ofions and along a line mid· 
way between a plane of ions. 
(Oosed circles are the eq ui­
libriurn ion sites; the solid 
curves give the potential 
along the line of ions; the 
dotted curves give the poten­
tial along a line between 
planes of ions; the dashed 
curves give the potential of 
single isolated ions.) 

We are thus led to examine general properties of the Schrodinger equation for a 
single electron, 

H!J! = (-;~ V2 + U(r)) !J! = elj!, (8.2) 

that follow from the fact that the potential U has the periodicity (8.1). The free electron 
SchrOdinger equation (24) is a special case of (8.2) (although, as we shall see. in some 
respects a very pathological one), zero potential being the simplest example of a 
periodic one. 

Independent electrons, each of which obeys a one electron Schrodinger equation 
with a periodic potential, are known as Bloch electrons (in contrast to" free electrons.," 
to which Bloch electrons reduce when the periodic potential is identically zero). The 
stationary states of Bloch electrons have the following very important property as 
a general consequence of the periodicity of the potential U: 

BLOCH'S THEOREM 

Theorem. 1 The eigenstates !J! of the one-electron Hamiltonian H = -lr2 V2/2m + 
U(r), where U(r + R) = U(r) for all R in a Bravais lattice, can be chosen to have the 
form of a plane wave times a function with the periodicity of the Bravais lattice : 

(8 . .3) 

• Tbe theorem was first proved by Floquet in the one-dimensional case, where it is frequently called 
Floq.uet's rheorem. 

We will examine single-electron Hamiltonians with the form

HPψ =

(
− ℏ2

2m
∇2 + U(r)

)
ψ

where U(r) is the periodic potential of an ionic crystal.

Of particular interest are the eigensolutions HPψ = Eψ.



Subsection 1

A brief introduction to bands



The 1D Schrodinger theory in a periodic potential
I realized after our meeting of March 17, that there was a more
streamlined story about the origin of bands. I’ll cover this now, and the
later subsections are the ones discussed on March 17.

▶ The 1D single-electron Hamiltonian is

H = − ℏ2

2m

d2

dx2
+ U(x)

▶ The energy levels are values of E for eigensolutions

Hψ = Eψ

▶ Version of Bloch’s theorem.

▶ When U is periodic with period “a”, there is a k so that

ψnk(x) = e ikxunk(x) (1)

where unk(x + a) = unk(x) and |k | < K/2, where K = π/a.
▶ We’ll call this the canonical form



U=0

Note that when U = 0, it is periodic for any value of a.

▶ Eigensolutions are ψ+ = 1√
2π
e ikx and ψ− = 1√

2π
e−ikx .

Hψ± = − ℏ2

2m

d2

dx2

(
1√
2π

e±ikx

)
=

ℏ2k2

2m

(
1√
2π

e±ikx

)
= E±ψ±

(2)

▶ So the energy eigenvalues are E± = ℏ2k2

2m .



Standard form
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Finite segment of the graph for |k| ≤ 3K

n=1

E

k

Standard form: ψ+ = 1√
2π

e ikx



Canonical form

-K/2 K/2

n=1
n=2
n=3
n=4
n=5
n=6

E

k

Plot of E(k) for Different Values of n

ψnk (x) = e ikxunk (x) where (2π)
1
2 unk (x) = e

i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
x

unk is periodic.

First Brillouin zone

unk (x + R) = e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
(x+R)

= e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
x
e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
R

= e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
x × 1 = unk (x)

In the equations above, note the floor function
[
∗
]
.



Homework exercise
Show that the canonical form leads to the above graph. Hints:

▶ First consider n = 1, and derive ψ1k .

▶ Then apply the Hamiltonian operator to ψ1k and show that

Hψ1k = ℏ2k2

2m ψ1k .

▶ Since this is of the form Hψ1k = Eψ1k say what the energy is as a
function of k.

▶ Compare to the standard form when |k | < K
2 – the lower half of the

blue section

▶ Now set n = 2 and derive ψ2k .

▶ Apply the Hamiltonian operator and, as before, derive the energy as
a function of k .

▶ Compare the upper blue graph (in the canonical form) to the
standard form – but when K

2 < |k | < K .

▶ Pick some other random n (less than 5) to see how the rest of the
graph works.



Subsection 2

Bloch’s theorem



Statement of Bloch’s theorem

Bloch’s theorem is proven (2 ways) in Ashcroft and Mermin.

Bloch’s theorem states that all eigenfunctions of HP have the form

ψnk(r) = e ik·runk(r)

where unk(r+ R) = unk(r) for all Bravais vectors R

▶ Note that unk has the periodicity of the Bravais lattice

▶ The index n is called the band index

▶ As it turns out, for each allowed k there are many solutions.

▶ Bloch’s theorem is equivalent to this: The eigenstates of HP can be
chosen so that associated with each ψ is a wave vector k such that

ψ(r+ R) = e ik·Rψ(r)

for every Bravais vector R.



Born-Von Karman boundary conditions

▶ A free e− in unbounded volume has a continuum of energy levels

▶ In nature, and for math simplicity, put e− in finite volume.

▶ Set periodic boundary conditions (for math simplicity) on sites
▶ There can be multiple electrons per site
▶ Obtain discrete levels

▶ Crystal symmetry bdry conditions – Born-Von Karman

▶ Pick N1, N2, N3 so N = N1N2N3 is total number of sites
▶ Require ψ(r+ Niai ) = ψ(r) for i = 1, 3; primitive vectors ai .
▶ With Block’s theorem, this forces k =

∑3
i=1

mi

Ni
bi for ints mi

▶ There are N allowed wavelengths per primitive reciprocal cell.

▶ It can be shown that ∆k = (2π)3

V is the volume of k-space per
allowed value of k.

▶ Same as for free electron.



Some remarks on periodicity and band structure
▶ We can restrict k to the first Brillouin zone. Proof follows:

▶ We want to show that if ψnk is an eigenfunction, then it equals
an eigenfunction ψn′k′ where k′ is in the first Brillouin zone.

▶ If k isn’t in the first Brillouin zone, pick K so k+K is.
▶ ψnk(r) = e ik·rukn(r) = e i(k+K)·r (e−iK·rukn(r)

)
▶ Let vn(r) ≡ e−iK·rukn(r)
▶ Since e iK·R = 1 and since ukn is periodic, then

vn(r+R) = e−iK·(r+R)ukn(r+R) = e−iK·rukn(r) = vn(r)

▶ Therefore we’ve shown that ψnk(r) = e i(k+K)·rvn(r).
▶ By assumption ψnk is an eigenfunction.
▶ It is expressed as e i(k+K)·r times a periodic function.
▶ Set k′ = k+K
▶ So we can express this eigenfunction as ψn′k′ . QED

▶ Since the index “n” is an arbitrary designation of distinct
eigenvalues, we can, using notation from the above proof, relabel n′

to n when k is in the first Brillouin zone. Then ψnk = ψn(k+K).

▶ From Schrodinger’s equation, ψnk is continuous in k so by
periodicity, the eigenvalues are bounded in k hence “energy bands”.



Subsection 3

Ionic potential U ≈ 0



Setup

This follows Ashcroft and Mermin Chapter 9.
Start with a 1D system with U = 0. Each electron is free.

▶ Eigenfunctions are ψ1(x) =
1

(2π)
3
2
e ikx and ψ2(x) =

1

(2π)
3
2
e−ikx

▶ For each k , the energy is ℏ2k2

2m .

▶ Let K be a primitive vector (i.e., K = (K )) of the reciprocal lattice.



Bloch decompositions I
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ψa
1k (x) = e ikxua1k (x) where (2π)

3
2 ua1k (x) = 1

-K 0 K

Showing 3 bands and limiting k to |k| < K

n=1
n=2
n=3

E

k

ψb
nk (x) = e ikxubnk (x) where (2π)

3
2 ubnk (x) = e i(sgn(k)(n−1)K)x

ubnk is periodic.

ubnk (x + R) = e i(sgn(k)(n−1)K)(x+R) = e i(sgn(k)(n−1)K)x e i(sgn(k)(n−1)K)R = e i(sgn(k)(n−1)K)x × 1 = ubnk (x)



Bloch decompositions II
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Plot of E(k) for Different Values of n

ψc
nk (x) = e ikxucnk (x) where (2π)

3
2 ucnk (x) = e

i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
x

ucnk is periodic.

First Brillouin zone

ucnk (x + R) = e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
(x+R)

= e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
x
e
i
(
sgn(k)(−1)n−1

[
n
2

]
K
)
R

= e
i
(
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[
n
2

]
K
)
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In the equations above, note the floor function
[
∗
]
.



Fermi surface
The Fermi surface is the surface of smallest energy EF such that all
low-temperature electrons have an energy less than EF .

▶ Eg. set number of sites = number of electrons to N = 50.

▶ Use Born-von Karman boundary conditions.

▶ So there are 50 permitted wavelengths in the first Brillouin zone.

-K/2 K/2

n=1
n=2
n=3
n=4
n=5
n=6

E(k)

k

Plot of E(k) for Different Values of n

50 electrons in their ground state, populating first level up to a Fermi energy shown as a horizontal purple line

▶ In this example, the first band is completely occupied.



U small but nonzero
▶ Since U is small, use a perturbation expansion from free case.

▶ 1D case from Ashcroft and Mirman
160 Cllaptl'r 9 Electrons In a Weak P eriodic Potential 
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Figure9.4 
(a) T he free electron e vs. k 
parabola in one dimension. 
(b) Step I in the construction 
to determine the distortion 
in the free electron parabola 
in the neighborhood of a 
Bragg " plane," due to a weak 
periodic potentiaL If the 
Bragg "plane·· is that deter­
mined by K, a second free 
electron parabola is drawn, 
centered on K. (c) Step 2 in 
the construction to deter­
mine the distortion in the 
free e lectron parabola in the 
neighborhood of a Bragg 
" plane." The degeneracy o f 
the two parabolas at K(l 
i-. spliL (d) Those pon.ons 
o r p art (c) corr~-ponding 
to the original free electron 
parabola given in (a).. {e) Ef­
fect of all additional Bragg 
.. planes" on the free electron 
parabola. This particular 
way of displaying the elec­
tronic levels in a periodic 
potential is known as the 
exrended-zmw scheme. (f) The 
levels of (c), displayed in a 
reduced-zone scheme. (g) F ree 
electron levels of {e) or {f) in 
a repeatetl-zone scheme. 

One can also emphasize the periodicity of the labeling ink-space by periodically 
extending Figure 9.4f throughout a ll o f k-space to a rrive at Figure 9.4g. which em­
phasizes that a particular level at k can be described by any wave vector differing 
from k by a reciprocal lattice vector. This representation is the repeated-zone scheme 
(see page l42). The reduced-zone scheme indexes each level with a k lying in the first 
zone. while the extended-zone scheme uses a labeling emphasizing continuity with 
the free electron levels. The repeated-zone scheme is the most general representation, 

• 

Fig. (e) corresponds to ψa
1k . Fig. (f) corresponds to ψc

nk .

▶ Note the band gap (large band gap =⇒ insulator)
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