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Section 1

Electron velocity in the Bloch model



Derivation Part 1
This follows Ashcroft and Mermin Appendix E.

>

>
>

Hy = (—%V2 + U(r)) ¥, where U(r) is a periodic potential
Of particular interest are the eigensolutions HyY = E1.

From Bloch's theorem all eigensolutions have the form

wnk(r) = eikvrunk(r)
where U (r + R) = u(r) for all Bravais vectors R

Apply the Hamiltonian
Hippk = —h—2V2 + U(r) ) €™ um(r)
nk = om € " Unk

) h?

= efkr ( (k* —2ik -V —V?) + U(r)) Uk (1)
2m

The eigenvalue equation becomes

2
Hyup = <2hm (k2 —2ik -V — V2) + U(I’)) Unk = EnkUnk



Derivation Part 2

Now compute how the eigenvalue changes when k changes.

» This is an exercise in quantum perturbation theory.
> Note that

h? 1 h? 5
Hk+q—Hk+;CI' (I,V+k> +%q

» Treat q as a perturbation and compute Eitq
» Then Ashcroft and Mermin derive first and second derivatives.

» First derivative:

&, N A .
8/(1 = /d3f¢nk(") mijdjnk(r) - h% = h(\/J>

: e 198,
» So the average single-electron velocity is %2

Actually, we care about antisymmetric n-electron wavefunctions.
The average n-electron velocity is a sum over individual velocities
computed from the k; of the n electrons.



Significance of the velocity in the Bloch model

» In Drude or Sommerfeld model, electrons are free between collisions.
» In Bloch model, the eigen-equation includes the ions
» Eigenstates are stationary so velocity persists forever

» So we need a new model of electron motion

Table 12.1
COMPARISON OF SOMMERFELD AND BLOCH ONE-ELECTRON EQUILIBRIUM
LEVELS
SOMMERFELD BLOCH
QUANTUM NUMBERS| K (hk is the K. (hk is the crystal momentum
(EXCLUDING SPIN) momenturn.) and n is the band index.)
RANGE OF QUANTUM | k runs through all of k- | For each n, k runs through all wave
NUMBERS space consistent with the | vectors in a single primitive cell of the
Born-von Karman reciprocal lattice consistent with the
periodic boundary Born-von Karman periodic boundary
condition. condition; n runs through an infinite
| set of discrete values.
ENERGY WK For a given band index n, £,(k) has no
k) = e simple explicit form. The only general
property is periodicity in the reciprocal
Iatrice:
&,(K + K) = &(K).
VELOCITY The mean velocity of an | The mean velocity of an electron in &
electron in a level with | level with band index  and wave
wave vector k is: vector kis:
c1a 1é6,K)
YU w T hak W
WAVE FUNCTION | The wave function of an | The wave function of an electron with
electron with wave vector | band index n and wave vector k is:
Kis: V) = € ()
where the function u,, has no simple
explicit form. The only general property
is periodicity in the direct lattice:
Uy (r + R) = u,(r).




Section 2

Rules of the semiclassical model



Dependence on band structure

» Band structure is defined by &,(k).

v

Each electron is specified by r,k and n.
» Moreover, electron (r, k, n) is identical to electron (r, k+K, n)

» K is a reciprocal lattice vector so ...
» Can restrict wave vectors to a primitive cell of reciprocal lattice

» Rules are

» nis a constant of motion. No interband transitions.
1 0€,
% ok

> hk = —e [E(r,t) + lv,(k) x H(r, t)]
» Thermal equilibrium distribution

» i’:vn:

Bk dPk/(4nd)
f(gn(k))m = E&o-m
e kT +1



Comments

» We don't need to look at all bands
» Ashcroft and Mirman say to look at bands near Fermi level
» 7k is not the momentum.

P |t's called the crystal momentum
P |ts rate of change equals the external EM force
» p’s rate of change also includes ionic potential

» The validity of the semiclassical model depends on EM field
strength

» E.g. if the ionic potential is 0, then E can change n
» For non-extreme fields and most metals, validity is good

» Why are equations of motion correct?

» Ashcroft and Mirman say the justification is difficult
P In their text, they motivate these but aren't rigorous



Section 3

Some consequences of the semi-classical model



No conduction if bands are filled

This is covered carefully in Ashcroft and Mirman pp 221-223
A filled band has the maximum allowed electron k-density.

A&M show that the semiclassical equations = bands stay filled.

v v.v vy

The current density is j = > ,(—ev;)
» The i/ indexes the electrons

» So this sum is approximately

o [ S
1= € Bz47T3hak

where BZ is the first Brillouin zone and £ is the band energy
» £ is periodic over the Brillouin zone

» So by the fundamental theory of calculus, j = 0.

NO CONDUCTION = INSULATOR



Transport of holes, due to static E, near band upper-edge

» Goal is to find the acceleration, a = % of a charge
» Assume a partially filled band

» Let ko be a maximum (upper band edge) of £(k).
>

+9E then Taylor-expand < v around ko.

dv _1dde 1 dka<ag> dk; €
h

Recall v =

dt  hdtdki h dt Ok; \ Ok; dt OkiOk;
» The semiclassical eq'n is % = —%E’
» So write Ma = —eE where /\/I,-Jf1 = %%.
At a band-maximum, M is negative-definite so Ma = —eE looks

like F = ma for a negative mass and (—M) a = eE looks like
F = ma for a positive charge.

» Define a hole to be an unoccupied state (often near top of band).
» Within any physical system, holes evolve like electrons
» A hole has a positive charge

» |f electron has negative eff. mass, hole has positive eff. mass
» Then a hole evolves like F = ma for a positive: mass
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Conductivity



Collisions in the Bloch model

Follows Ashcroft and Mermin Chapter 13.

» Recall: In the Sommerfeld model, the mean-free path (MFP)
between collisions, is much larger than the inter-ionic distance.
» Bloch model, for a periodic ionic metal explains that.
» The Schrodinger equation accounts for all e~ -ion interactions
» So there are no collisions = no resistance
> We'll show that quantitatively later
» Collisions arise from deviations from periodicity. E.g.
> impurities
» thermal vibrations of ions

» So resistance and MFP have to do with impurities etc.



The relaxation time approximation

Let gn(r, k, t) dZ’T‘r’:k be the number of electrons in the n®" band at time t
in the semiclassical phase space volume d3rd®k about the point r, k.

In equilibrium
1
gn(r k, t) = f(En(k)) = 07—

e kg T _|_ 1
where We assume for now that y, T are r-independent.!

Assumptions of the relaxation time approximation.

> In time dt, the probability of collision = — Ejktr).

» Simplification?: assume 7,(k,r) = 7,(E(k))
» Distribution of electrons emerging from a collision is independent of
g, just before the collision.

> If go(r,k,t) = f(En(k)) just before the collision, then the collision
won't change it.

lAshcroft and Mirman allow position-dependence of T and p but simplify to constants later.

Ashcroft and Mirman p. 429 make this simplification when computing conductivity



Computing dN just after a

dN(r,k,t) =

COLLISION (non-equilibrium distribution)

dN(ry, k1)

dN(ry, ki) + A[dN(ry, k)]

drydk

after collision
At
= Gnlrket)
Tn

A[dN(ry, ky)]

AN (r1,k2)]

dN(ry, kz) + A[dN (1, k2)]
A
T Inlrvkat)

A[AN (k2]

Slenta)

At
;ﬂsn(k,»

collision

d3rd3k
3 ———gn(r,k, t)

COLLISION (equilibrium distribution)

AN (ry, ky)

At
AN Gy ky) + —F(€nlher))
Tn
drydky
before
collision

drydk,

after collision

BN G, k= 2 (Enlla)
WGk

drydie,
before.
catison

AN k) + 2 F(Enlha))

Figure 1. Since A[dN] is distribution-independent, we can replace it on the LHS with &L f(£,(k))

collision

A
AN G e 1= 2 F(Ene)

=



Cumulative effect of collisions

Inlntz) )
Gnlntq) Tk Inl.ntz
DU Py kg tata) gl ks, ta) o
1, ks 0 kg 1
71, ky 1, ky
Doesn’t affect 1,k P(ry kot ket
13, ky Gnlots) 2t (r. 3:t1)gn(T4,ks,t1) o ks
—
T2, k3 /ﬁ
o,k
Ty, ks 2, k3
Tarks 1y, ks
t t, ts time

Figure 2. The number of particles with r, k; at t3 is the sum of particles arriving from earlier times.

» g,(r1, ki, t3) has a contribution from electrons at time t, that
followed the semiclassical equations of motion to time t3.

» For now, suppress the variables r;.kj.
> The number of those particles is 2=2f(&,(k2)).

> Write this as 2-2f(En(k(t2)))
» P(r1, ks, t3, tp) is the probability that the (r1, kz) electrons can
travel until t3 without collisions.



Integral form
» Sum up the contributions to r¢, ks at time t from all previous times.

g(rf,kf,t)z/_t fEZ;P(t, t")dt'

3

» The index n is suppressed.
> t'-dependence implicitly comes from the trajectory r(t’), k(t')

of electrons passing through rf, ks at time t

» Derive P(t,t')
> Note that

P(t,t') = P(t,t' + dt’) x (prob. of no collision in dt’)
dt’
=P(t,t' +dt') (1 - ——
() (1- )

> So 2EEE) = P — Pt 1) = 25D r(¢)

T
»> When 7 is t'-independent, the solution is P(t,t') = e  7E®),



Solving for g in a constant electric field

NB: Ashcroft and Mermin derive equations for a general EM field. We
make simplifications that  and T are constant, the integrand is
r-independent (p. 249 A&M) and H = 0.

» Substitute for P in our equation for g.3

g(rf,kf,t):/i iﬁ; 8P(gi’/t,)r(t’)dt':/ f(t,)%dt,

oo

— F(£)P(t, £) — F(—o0)P(t, —o0) / e, e)ar

= f(t) —/t d];(tl:/)P(t, t')dt'

> f depends on t’ as f (E£((k)(t")).

df of 9E dk;  Of . of
T 9€ ok di' — og (W) k=—eggv-E

» The last equality follows from the semiclassical equation of motion
3

The last lines use integration by parts: [} ng( Ydt = fg(u) — fg(l) — [ f(t)%dt



The current

» From preceding slides, take P, g and < dt,.

» Also take 7 to be t’-independent.

t

g(kf):f(kf)+e/ =7 gf (k) - Edt’

— 00

Zf(kf)—‘rET( kf) -E

ag\

> j= —eZkV(k)g( AK0 —ef 47r3"

> Restoring the band index we can write j, = (Zb O',S,Z)Eb) where

n d3k
o) = e [ §5ua(ke(
of

=& [ Thre i

473

> We've used the identity [ d®kf(k)v,(k) =0 (see Appendix)



Evaluation of ¢ — part 1

» Suppress the band index n and assume all carriers are in one band.

» f at room temperature is approximately f at T = 0.

0
€ "

Figure: Fermi-Dirac distribution f as T — 0. u = & in the limit.

> o5& &)

» Caution required during integration over k
» The delta function is over £ and not k.
> 7(E(k)) can be replaced by 7(&f) and removed from integral.



Evaluation of ¢ — part 2

1 9f(£(k))
h Ok,

> Also notice that v(k), 35 =

» Now we have

d3k of
Gab = _627(5f)/mV(k)aV(k)b%

= —e27'(5f)/ ;::3 v(k)aaf(g(k))

Okp
a3k dv(k),
s ok, | )

d3k  0?%€

2

= g ——

¢ T( f) /occupied levels 43 hzakaakb

= e%7(&)

d3k
— (&) / Vi
occupied levels 47



Notes on the conductivity tensor

> M;bl — 1 Ov,

Eakb'
» Derivative of a periodic function with period of Brillouin zone
3 -1 _
> So fBriIIouin zone d kMab =0.

M = |

unoccupied levels

> So foccupied levels d*k (_M;bl)

> = current is due to holes with conductivity (—M},").

> Recover the Drude model by setting M," = 1.4,

» Then o, = ”:fféab
> Problem: fBriIIouin zone d3kM;b1 = fBriIIouin zone d3kn:172"75ab 7& 0
> Note, for the free electron Bloch model, we had £(k) = }f,f

-1 _ 1 8> R _ 1
> M, = W2 Ok,0k, 2m Eaab




Resolving the Drude model issue

» Recall the Bloch model for the 1D free electron gas.

; -1
C(x) = e'kxu;k(x) where (277)2 ug(x) = e:(sgn(k)(—l)” [%}K)X

u€ ik is periodic.

First Brillouin zone

» InBand 1, £ = % Assume full occupation. v = %g—f = h%
> We had4 o .
o = e2r(&r) [1, s 2B = lim €7 (v(K/2+ €) = v(=K/2 = ))

> Soo = gt (K/2— (K/2) ="

> If v were periodic, v(K/2+¢€) = v(—K /2 +¢) = discontinuous.

*Modified for 1D and setting f(£(k)) = 1 for full occupation



Appendix— Part 1 of proof that [ dkf(k)v,(k) =0
First show that &,(k) = &,(-k).

» Recall that

Hi = (277“; (K> —2ik -V = V?) + U(r))

and that the eigenvalue equation is

2
(;‘m (k* —2ik -V — V?) + U(r)) Unk = En(K) Uk

» Conjugate the eigenvalue equation
hz 2 . 2 * *
5 (k* +2ik - V = V?) + U(r) ) upye = En(K) Uy

> We see that this is H_xuly = Ep(k)ul,.
» Thus u}, is an eigenfunction of H_ with eigenvalue &,(k).

> So En(—k) = Ex(k).



Appendix— Part 2 of proof that [ d*kf(k)v,(k) =0

» The equilibrium function is a function of £,(k) = &£,(-k)
> So f(k) = f(k).

> (vai(k) = 15 = —1 250 = —(va)ik)

>
>

Finally [ d®kf(k)vn(k) = [ d3kf(-k) (—v,(-k))

_1
R

h  Ok;

Then change integration variables in the last term to get

/d3kf Wa(k) = /d3kf (va(k

> This completes the proof [ d®kf(k)v,(k) = 0.



Appendix — equilibrium distribution to first order in E

» The function f is the equilibrium distribution for Hy — eE - r

v

Since E is directional, £(k) needn't be spherically symmetrical in k

v

However, when |E| is small, use 1st-order perturbation theory.
> A(€) x [ d®xe*xe=k*E . x
> So SLA(E) =0
» Clean this proof up by putting system in a box

v

This proof shows full k-independence of A(E) at 1st-order in |E|.
So f(E(k)) = f(E(k)) where fy is equilibrium distribution for Hy

v
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