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Overview

▶ In Part 1, we assumed that near T = 0, current was carried by
Cooper pairs acting as bosons.

▶ In Part 2, we start with an electron effective Hamiltonian for Cooper
pairs and derive the Cooper pair mass-gap (Lancaster).

▶ In Part 3, we will examine the 2-electron theory of the origin of
Cooper pairs and will obtain the effective Hamiltonian (Annett).
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Section 1

Brief review



Review – previous sessions

▶ Metals at room temperature – second quantization method:

▶ Ground state energy is a perturbation on free-e− ground state
▶ H = HK + Hj + Hel-j + Hel where ions are ≈ jellium
▶ Hel =

1
2

∑
pkq Vqa

†
pa

†
kak+qap−q implicitly summed over spins.

▶ The semiclassical theory of conductivity:

▶ Assumes current is carried by fermions (electrons)
▶ Assumes a statistical distribution at room temperature

▶ Fermi-Dirac distribution

▶ Assumes no electron-electron or ion-ion interactions

▶ Basic theory of superconductivity = theory of charged superfluid

▶ Assumes current is carried by bosons (electron-pairs)
▶ Assumes a statistical distribution near T = 0

▶ Bose-Einstein distribution

▶ Assumes most pairs are in the ground state (condensate)
▶ Assumes no ion/ion, ion/Cooper-pair or

Cooper-pair/Cooper-pair interactions



Section 2

Effective theory



Effective theory – Hamiltonian

▶ Use c†pσ instead of a†pσ for electrons involved in Cooper pairs.

▶ The effective Hamiltonian Ĥ is

Ĥ =
∑
pσ

ϵpĉ
†
pσ ĉpσ − κ2

∑
pk

ĉ†k↑ĉ
†
−k↓ĉp↓ĉ−p↑

where σ labels the spin.

▶ First term is the KE; second is e− − e− (not pair-pair) interaction



Effective theory – Candidate ground state

▶ Define the pair creation operator P̂†
p by P̂†

p = ĉ†p↑ĉ
†
−p↓.

▶ Define a family of states, parameterized by αp, by

|Ψα
BCS⟩ =

∏
p

Cpe
αpP̂

†
p |0⟩

where the Cp will be set by normalization.

▶ These are known as BCS coherent states.

▶ Notice that P̂†
p isn’t quite a boson operator.

▶ What matters in our previous analyses is the BCS coherent state

▶ In general, the ground state is found by minΨ⟨Ψ|Ĥ|Ψ⟩.
▶ Approximate this by finding minα⟨Ψα

BCS|Ĥ|Ψα
BCS⟩.



Section 3

Ground state energy



Ground state energy – BCS-state Normalization
▶ This follows Lancaster Section 44.2

▶ Note that
(
P̂†
p

)n

= 0 when n > 1.

▶ Fermi creation operators anticommute
▶ ĉ†p↑ĉ

†
p↑ = 0 so ĉ†p↑ĉ

†
−p↓ĉ

†
p↑ĉ

†
−p↓ = 0 etc.

▶ eαpP̂
†
p = 1 + αpP̂

†
p +

∑
n>1

1
n!α

n
p

(
P̂†
p

)n

= 1 + αpP̂
†
p

▶ Normalize wave function so ⟨Ψα
BCS|Ψα

BCS⟩ = 1

▶ First notice that ⟨0|P̂pP̂
†
p′ |0⟩ = δpp′ & ⟨0|P̂p|0⟩ = ⟨0|P̂†

p |0⟩ = 0
▶ Set normalization condition

1 =
∏
pp′

CpCp′⟨0|eα
∗
p P̂pe

αp′ P̂
†
p′ |0⟩

=
∏
pp′

CpCp′⟨0|
(
1 + α∗

pP̂p

)(
1 + αp′ P̂

†
p′

)
|0⟩

=
∏
p

C 2
p

(
1 + |αp|2

)
▶ Therefore Cp = 1

(1+|αp|2)
1
2



Ground state energy – BCS-state features
▶ Expand exponentials in the definition of |Ψα

BCS⟩

|Ψα
BCS⟩ =

∏
p

Cpe
αpP̂

†
p |0⟩ =

∏
p

(
up + vpP̂

†
p

)
|0⟩

where up =
(
1 + |αp|2

)− 1
2 and vp = αp

(
1 + |αp|2

)− 1
2

▶ Note (important later) |up|2 + |vp|2 = 1.

▶ The number operator N̂ for pairs is
∑

p

(
N̂p↑ + N̂p↓

)
▶ N̂p↑ = c†p↑cp↑
▶ N̂p↓ = c†p↓cp↓

▶ Evaluate ⟨Ψα
BCS|N̂p↓|Ψα

BCS⟩ noting that cp↓P̂
†
p′ |0⟩ = 0 if p ̸= −p′

⟨Ψα
BCS|N̂p↓|Ψα

BCS⟩ = |vp|2⟨0|P̂−pc
†
p↓cp↓P̂

†
−p|0⟩

= |vp|2⟨0|ĉp↓ĉ−p↓c
†
−p↑cp↓ĉ

†
−p↑ĉ

†
p↓|0⟩ = |vp|2

▶ Similarly with N̂p↑ so N = ⟨Ψα
BCS|N̂|Ψα

BCS⟩ = 2
∑

p |vp|2

▶ N is a constraint of the theory.



Ground state energy – Minimizing the BCS energy
▶ The BCS finite-temperature “Hamiltonian”1 is

ĤT = Ĥ − µ
(
N̂ − N

)
where µ is a constraint parameter for N.

▶ The BCS finite-temperature energy is

ET (α, µ) = ⟨Ψα
BCS|ĤT |Ψα

BCS⟩

= ⟨Ψα
BCS|

∑
pσ

(ϵp − µ) ĉ†pσ ĉpσ − κ2
∑
pk

ĉ†k↑ĉ
†
−k↓ĉp↓ĉ−p↑

 |Ψα
BCS⟩

▶ Expand |Ψα
BCS⟩ as before. See Lancaster Sec. 44.3 (& exercise 44.5)

▶ ET (α, µ) = µN +
∑

p 2 (ϵp − µ) |vp|2 − κ2
∑

pk v
∗
p vku

∗
kup

▶ up and vp are functions of α so we can vary E w.r.t. α

▶ Alternatively (Lancaster) vary E w.r.t. up and vp constrained s.t.
|up|2 + |vp|2 = 1, with constraint parameter Ep.

ET (up, vp, µ,Ep) = µN +
∑
p

(ϵp − µ)
(
|vp|2 − |up|2 − 1

)
−

κ2
∑
pk

v∗
p vku

∗
kup + Ep

(
|up|2 + |vp|2 − 1

)
1
From the Grand Canonical Ensemble



Ground state energy – Results I

▶ Solve ∂ET

∂up
= 0 and ∂ET

∂vp
= 0.

▶ Note the constraint equations.

▶ ∂ET

∂µ = 0 =⇒ N = 2
∑

p |vp|2.
▶ ∂ET

∂Ep
= 0 =⇒ |up|2 + |vp|2 = 1.

▶ Calculations are done in Lancaster 44.3 or Annett 6.6

▶ We assume (see references for intuitive justification)

▶ The chemical potential µ is ≈ ϵF , the Fermi energy
▶ ϵp is the band-structure energy dispersion
▶ Cooper pairs only involve electrons near the Fermi surface
▶ Electron interactions are mediated by phonons
▶ The maximum phonon energy is ωD , the Debye frequency
▶ So Cooper-electron energies have |ϵp − µ| < ωD

▶ For later convenience, express some results in terms of ϵ′p ≡ ϵp − µ



Ground state energy – Results II

▶ Define ∆ ≡ κ2
∑

p u
∗
pvp

▶ Then Ep = ±
[
(ϵ′p)

2 +∆2
] 1

2 (Nb: |Ep| > ∆)

▶ The positive branch Ep = +
[
(ϵ′p)

2 +∆2
] 1

2 gives the lowest energy.

▶ From minimization we can derive2 the BCS energy gap equation

∆ = κ2
∑
p

∆

2Ep

▶ Then |∆| ≈ ωDe
− 1

Λ where Λ = κ2g(ϵF ), and g(ϵF ) is the density of
states at the Fermi energy

▶ |ΩBCS⟩ =
∏

p

(
u∗p + v∗

p c
†
p↑c

†
−p↓

)
|0⟩

2
See Lancaster Eqs.44



Section 4

The Energy Gap



Energy Gap – The mean field Hamiltonian
▶ There are justifications etc. for a mean field Hamiltonian

▶ Lancaster – read secs. 43.1, 43.3 and 44.4
▶ Lancaster is sloppy with some errors and hard to follow
▶ Should say that normal ordering is defined w.r.t. a vacuum.
▶ Sec. 43.1 makes sense only by realizing that N[a†kap] ̸= a†kap

unless ap annihilates the vacuum (not true for |ΩBCS⟩).
▶ Eq. (44.28) interaction term should sum over p and p′

▶ Few explanations of what approximations are being done.
▶ Annett – read secs 6.5 and 6.6

▶ Explains why certain terms are dropped
▶ Discusses validity of the mean field approximation

▶ A complete but less abstract derivation is in Feynman
Statistical Mechanics Chptr 10

▶ If you still have questions, ask ChatGPT (as I’ve done)

▶ The mean field Hamiltonian ĤMF is

ĤMF =
∑
pσ

ϵ′pc
†
pσcpσ−

κ2
∑
pp′

(
⟨c†p↑c

†
−p↓⟩c−p′↓cp′↑ + c†p↑c

†
−p↓⟨c−p′↓cp′↑⟩

)
where ⟨Â⟩ denotes ⟨ΩBCS|Â|ΩBCS⟩.



Energy Gap – Diagonalizing ĤMF

▶ ĤMF is quadratic in operators.

▶ ⟨ΩBCS|c−p′↓cp′↑|ΩBCS⟩ = up′v
∗
p′ & ⟨ΩBCS|c†p↑c

†
−p↓|ΩBCS⟩ = u∗pvp

▶ Recall ∆ = κ2
∑

p u
∗
pvp so

ĤMF =
∑
pσ

ϵ′pc
†
pσcpσ −

∑
p

(
∆∗c−p↓cp↑ +∆c†p↑c

†
−p↓

)
▶ Now perform a Bogoliubov transformation

cp↑ = u∗pbp↑ + vpb
†
−p↓

c†−p↓ = −v∗
p bp↑ + upb

†
−p↓

where the b’s are quasiparticle3 |ΩBCS⟩-annih/creation operators

{bp1σ1 , b
†
p2σ2

} = δp1p2δσ1σ2

{b†p1σ1
, b†p2σ2

} = {bp1σ1 , bp2σ2} = 0

▶ Then ĤMF =
∑

p Ep

(
b†p↑bp↑ + b†−p↓b−p↓

)
=

∑
p Ep

(
Nb

p + Nb
−p

)
▶ Some non-operator (constant) terms have been dropped

3
Lancaster refers to these as bogolons, but they are fermion versions



Energy Gap – Figure (Annett)
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Fig. 6.8 Top: Energy eigenvalues Ek as a 
function of k near the Fermi wave vector kF. 
The dashed lines show the electron and hole 
energy levels ck — CF and + CT' in the 
normal metal. In the superconductor these 
states become hybridized, and the resulting 
eigenvalues are ±Ek relative to CF. One can 
see that there are no states with energy less 
than ±.6. near the Fermi energy. Bottom: The 
BCS wave function parameters luk1 2  and 1 Vk 
for k near to the Fermi surface. The state 
is predominantly electron like well below kF 

(Ivk1 2 	1) and predominantly hole like far 
above the Fermi surface, (luk12 	1). But near 
to kF the quasiparticle has mixed electron and 
hole character. 

142 BCS theory of superconductivity 

Writing it out explicitly, 

E (Ek bittbk, — Ekb_k,b+k ) , 

Ek (qt. bkt b+14b-k1) 
	

(6.80) 

where we have dropped some constant (non-operator) terms arising from the 
reordering of the final expression into normal order form. 

What is the physical interpretation of these new operators? First, we should 
note that they are genuinely fermion particle operators, since they obey the 
standard anti-commutation laws 

tbk, , 	8kk ,  So- 0- 
	 (6.81) 

{ bita , bit,a, = 0 
	

(6.82) 

Oka , bk , 	=0. 	 (6.83) 

These are simple to prove from the definitions given above. Second it is easy 
to prove that the new "particles" created and annihilated by these operators are 
not present in the variational BCS ground state, since 

	

bktIgiscs)  =0 	 (6.84) 

	

b—k4, WBcs) = 0. 	 (6.85) 

Therefore the BCS ground state is the "vacuum" for these particles, a state where 
no particles are present. The excited states then correspond to adding one, two 
or more of these new quasiparticles to this ground state. The excitation energy 
to do this is Ek. 

At finite temperature T,  the quasiparticles will have occupations given by the 
Fermi—Dirac distribution. Therefore 

	

(bilt bkt) = f (Ek), 
	 (6.86) 

	

(b_k4,bi ) = 1 — f 	(Ek), 
	 (6.87) 

where f (E) = 1/(e)3E  ± 1). From this one can show that the finite temperature 
value of the BCS gap parameter is given by 

A = Igeff1 2 (c—kstekt 

-= I geff1 2 ukv i*, (1 — 2f (E)) 	 (6.88) 

generalizing the zero temperature result of Eq. 6.55. 
Figure 6.8 shows energies of the excitations created by the bit operators, 

+Ek, as a function of k. It gives the following physical picture. In the normal 
state A = 0 and the excitation energies are +ek for adding an electron to an 
empty state, or —ek for removing an electron (adding a hole). 

In the superconducting state these become modified to +Ek for adding a b 

particle, or —Ek for removing one. Because ±Ek is greater than A and —Ek is 
less than —A the minimum energy to make an excitation is 2A. Thus this is the 
energy gap of the superconductor. The b particles are called quasiparticles. 

The  b+,  b operators are a mixture of the creation c+ and annihilation c 

operators. This implies that the states they create or destroy are neither purely 



Energy Gap – Cooper-pair ionization
▶ We’ve shown that the physical ground state involves pairs of paired

electrons.

▶ Insert energy into the system by raising the temperature.

▶ Ionization of a Cooper pair requires
▶ Annihilate a pair
▶ Create two quasiparticles

▶ Each contributes Ep > ∆ so ionization energy is > 2∆.

▶ Superconductivity goes away only if the energy exceeds 2∆.

▶ Derive temperature dependence

▶ Recall κ2⟨ΩBCS|c−p↓cp↑|ΩBCS⟩ = ∆∗

▶ Then expand c operators in terms of quasiparticle b operators.
▶ For general temperature

⟨ΩBCS|b†p↑bp↑|ΩBCS⟩ = ⟨ΩBCS|Np|ΩBCS⟩ = f (T ,Ep)

where f (T ,E ) = 1

e
E
kT −1

is the Fermi-Dirac distribution.

▶ Leads to ∆(T ) = κ2
∑

p u
∗
pvp (1− 2f (T ,Ep))



Energy Gap – Critical temperature

▶ Annett derives (Eq. 6.90) the T-dependent energy gap equation

∆(T ) = κ2
∑
p

∆

2Ep
tanh(

Ep

2kT
)

A(T) 

1.76 kBT, 

Fig. 6.9 A as a function of temperature in the 
BCS theory. 
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electron or purely hole excitations, instead they are a quantum superposition of 
electron and hole. In fact u and y have the physical interpretation that 

Ivkl 2  

is the probabilities that the excitation is an electron if one measures its 
charge, and 

I uk I 2  
is the probability that it is a hole.' 

Finally in order to find A it is again necessary to invoke self-consistency. 
A was defined by 

	

A = Igeff1 2  E(c-k4Skt)- 	 (6.89) 

At temperature T the occupation of the quasiparticle state with energy Ek is 
given by the Fermi—Dirac distribution. Determining the expectation value from 
Eqs 6.88 and 6.57, Bardeen Cooper and Schrieffer obtained 

A 	Ek 
 A = Igeff12 E_

2Ek 
tanh 

 2kB T

9 	
(6.90) 

or converting the sum into an integral over energy we arrive at the BCS gap 
equation, 

h(01) 	1 	
E 1 = X f dE — tanh 	), 	 (6.9 1) 

0 	E 	2kBT 

where E = 	+ IA 1 2  and X = igeff I 2g(EF) is the dimensionless electron— 
phonon coupling parameter. 

The BCS gap equation implicitly determines the gap A (T) at any tempera-
ture T.  It is the central equation of the theory, since it predicts both the transition 
temperature T, and the value of the energy gap at zero temperature A (0). The 
temperature dependence of A (T) is shown in Fig. 6.9. 

	

From the BCS gap equation, taking the limit A 	0 one can obtain an 
equation for T, 

kBT, = 1.13hcop exp ( - 1/X), 	 (6.92) 

which has almost exactly the same form as the formula for the binding energy in 
the Cooper problem. Also at T = 0 one can also do the integral and determine 
A(0).  The famous BCS result 

2 A (0) = 3.52kB Tc 	 (6.93) 

is obeyed very accurately in a wide range of different superconductors. 

6Again there are nice analogies to particle 
physics. The neutral K-meson, Ko, has an 
antiparticle, K0. Neither of them are eigen-
states of total energy (mass), and so when the 
particle propagates it oscillates between these 
two states. If it is measured at any point there is 
a certain probability that it will be found to be 
KO and another for it to be ko. Here, the BCS 
quasiparticles are the energy (mass) eigen-
states, and they are quantum superpositions 
of electron and hole states. 

6.7 Predictions of the BCS theory 

The BCS theory went on to predict many other physical properties of the super-
conducting state. For most simple metallic superconductors, such as Al, Hg, 
etc., these agreed very well with experimental facts, providing strong evidence 
in support of the theory. For example, two key predictions where the behavior of 
the nuclear magnetic resonance (NMR) relaxation rate, 1/Ti below the critical 
temperature Tc , and the temperature dependence of the attenuation coefficient 
for ultrasound. These are both sensitive to the electronic density of states in 

▶ At TC the gap is 0 so superconductivity ceases.

▶ BCS derived 2∆(0) = 3.52kTc

▶ Obeyed accurately for many superconductors
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