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Deep Dive — questions and answers about
Lancaster chapters 43 and 44

Bill Celmaster

November 2025

As I've made my way through Lancaster chapters 43 and 44, I've encountered
a number of assumptions, equations, ideas etc. that I found very murky.
As time went on, I have concluded that the authors have done their best
to construct a coherent and concise narrative of the subject matter, but
ultimately have put too much faith in the reader’s ability (or at least, my
ability) to fill in gaps.

One might argue that the only way to properly address this, is to use a dif-
ferent text — inevitably a text that is much longer and much more thorough
and undoubtedly much more work to follow. Instead, I've chosen the Chat-
GPT route. The good thing about that route, is that I can start from the
various things that I do understand, and then prompt ChatGPT regarding
the difficulties I have in the text — and keep prompting until we get to ‘the
bottom’ of whatever was bothering me. It requires patience, but provides a
service that no mentor would do (partly because the mentor would find it
way too tedious if they even knew the answers, partly because the mentor
probably would do a worse job than ChatGPT of understanding my issues,
and partly because I'd be embarrassed to keep asking questions).

Anyway, what follows is an attempt to go through the various parts of these
chapters that, for me, required a deeper dive. This may or may not be useful
to anyone else — depending on whether the starting point of their knowledge
is similar to what mine was when I began this process.



1 Starting with Lancaster chapter 43.1

Everything that follows in this document, is taken at (approximately) 0 tem-
perature. We use this fact to justify our assumption — used almost always
— that all particles occupy the states with lowest possible energies. So when
we speak of N quasiparticles, this is approximately the same as saying the
lowest energy N states.

In Lancaster chapter 43.1, Wick’s theorem, normal-ordering, contractions, a
general two-body interaction and mean field theory are introduced. These
ideas come up again in the theory of superconductivity and implicitly in band
theory, without a lot said about their connections.

1.1 General two-particle interaction and ground states

H=Hy+V+V' (1)
where )
V= 3 Z anL—qalquakap (2)
pgk
and
p2 1
HO = Z %apap (3)

p

and V' includes interactions between pairs of ions and also includes ion-
electron interactions. For now, we put off discussion of V.

HOWEVER, what is also important when discussing superconductivity, is
a different way of decomposing H which I'll write as H = Hgc + Ve + V'’
where we define Hgc = Hy + dsc and Voo =V — dgc + V.

The analysis generally starts with solutions to the eigenvalue problems Hy1,, =
E§1),. Then you use perturbation theory to find the perturbed eigenstates
and eigenvalues.

Typically you are most interested in the lowest-energy state(s), which we call
the ground state(s). But sometimes we are also interested in the energy-gap,
which is essentially the difference in energy between the ground state and
the first excited state.



There are 3 separate ground states of interest in Lancaster chptrs 43 and 44:

e The Fock ground state a.k.a Fock vacuum denoted |0) and which is the
state annihilated by all the a, (for the moment I'm suppressing spin
indices). Another way of thinking of this ground state, is that it is the
lowest-energy state of Hy.

e The N-body Fermi ground state which I'll denote | N). This is the state
which minimizes Hy for N electrons. Because of the Pauli exclusion
principle, this state consists of electrons that fill up all energy levels
up to the ones whose energy ep, is determined by N and which is
known as the Fermi energy. The corresponding momentum pp, is the
Fermi momentum. This N-body ground state can be defined by the
condition a;f,]p> =0 for all p < pp. Since all states are occupied below
the Fermi energy, it isn’t possible to add an electron to any of those
states (because of the Pauli exclusion principle). If we define a new
operator f, = aIT) then we can think of f, as the annihilation operator

for |N).

e The BCS ground state |BC'S). This is the state that minimizes the
energy amongst states consisting of Cooper pairs and more precisely is
the state minimizing Hgo. It is approximately the state that minimizes
the full Hamiltonian H for N electrons. We will see later that it is
annihilated by an operator of the form v, = ay ap + B aT_k,.

Note that all above ground states |G) are annihilated by a set of annihi-
lation operators dp, = up, ape £V, aT_pU that obey the “anticommutation

rules”[l
{da’p’a dj;'p} - 5(]7 - p,)(;O'O'/
{d0p> dU’p’} =0
T _
{df,.d.} =0

where {A, B} = AB + BA. In the above, I've re-enstated the spin
index.

!Going forward, coherence factors like up and v, will be taken to be real, because
states (and therefore ladder operators) can always be redefined by multiplying them by
a phase factor. Moreover, the coherence factors are only dependent on the magnitude of
the momentum appearing in the index — so up — u, and vy — v,. I haven’t thought too
hard about why this is. I'm guessing it’s an ansatz which is ultimately validated by self-
consistency and/or symmetry considerations. Also, notice that in most of the equations
that follow, I'll write operators that look like a, where I intend ap,. I've done this for
convenience and hopefully won’t confuse anyone by this overloading of symbols.



1.2 Normal ordering and ground states

Usually, when we write a Hamiltonian in terms of operators like a, and aL —
where a, annihilates the Fock ground state — we define the normal ordering
of a product of such operators, to be a product where creation operators are
all to the left of annihilation operators. For example, for boson operators

.ot T R .

DAy, Ay QG = Qg Qg Gy gy
and for fermion operators

.ot T e ot ot

Ly Ay, Ay = =y, Gy, Gy G,

because for fermions, every permutation of operators is accompanied by a
negative sign.

However, all of this is imprecise. When we specify normal ordering, we
must also specify what ground state and system of annihilation and creation
operators we are using. Let’s define some notation.

e Let the state |G) be a ground state as defined in the previous section.

e Let d, be an operator that annihilates |G), i.e. dy|G) =0, and also d,,
follows the anti-commutation rules. We say that d, is an annihilation
operator and dzt is a creation operator, both with respect to the state

|G).

o Let A, = apdp%—ﬁpd; and B, = aydy + By d;,. Then define “the normal
ordering : AB :¢ of A and B with respect to the |G) ground state” by
t AB o= BpBydldl, — o, By dl,dy+ vy Bpdldy + cpoyydyd,y. We see that
for each term in the sum, the creation operators are in front of the
annihilation operators.

e Define the “contraction (AB)g” of A and B with respect to |G), to be
AB— : AB :g. By simple calculation, we get (AB)g = apﬂp/dpd;/ +

Byl dy = apBy{dy, dl} = 0yB,0(p — ).
— Note the following.
(G|AB|G) = |G) |ﬁp6p’d;d;/ + O‘pﬁp’dpd;' + O‘p’ﬁpd;tdp’ + apaydydy G)
= <G|O‘pﬂp’dpd;/’G>
= O‘pﬁp(s(p - p,)



where the second and third lines are consequences of the fact that
the d operators annihilate |G) and the d' operators annihilate (G|.

What this shows is that

(AB)¢ = (G|AB|G) (4)

1.3 Wick’s theorem

Wick’s theorem is stated and proved in Lancaster section 18.5. However, that
chapter mostly concentrates on the time-ordering version of Wick’s theorem.
This is what particle theorists normally encounter and we normally encounter
it in the context of the Fock vacuum. But in many-body physics, we are also
interested in the time-independent version of Wick’s theorem — which is more
or less the same algebra.

Lancaster, in Eq. (43.3) applies Wick’s theorem to the 2-body interaction V|
expanding the interaction into a sum involving normal-ordered products and
contractions. The expansion is for an arbitrary ground-state (as mentioned
above, we really can take any arbitrary state, provided we can identify the
associated creation and annihilation operators) and Lancaster doesn’t show
a subscript G for either the normal-ordering or contraction operator. Unfor-
tunately, some of the remarks on page 381 are unclear because the specific
ground-state isn’t mentioned. For completeness, I'll rewrite Lancaster Eq.
(43.4) using the above-defined notations.

Tt —. 0T :
Up—qQes gk p =2 Ay Ok G

+ (a;r,,qa;ﬂ)g Lagay e+ aj,,qahq ¢ (akap)c

+ (a;_an,)G : a,tﬂak ¢+ aL_qap G (a,tJrqak)G (5)
— (ag,qakm : aLJrqap q — a;r,,qak e (aquap)G

+ (a)_ab,elmay)e + (a)_,ap)clal, an)e — (a)_an)alal, a)c

1.4 Perturbation theory around the N-body Fermi ground
state

If we consider a system of N particles, then its Hy ground state is the Fermi
ground state |N) where all electron levels are filled up to the Fermi level



for N particles (at the Fermi level, the electrons have momentum pp with

2
Er = 2£). The annihilation and creation operators for this ground state
2Me

are f, and f; . So to proceed, we should expand the operators a, and a' in
terms of the f operators — the way we expanded A and B in terms of the a,
operators.

This is particularly simple: Notice that we can’t add any electrons that have
Ip| <= |pr|, since those states are already filled. Thus, for |p| <= |pr|, we
have af|N) = 0 hence f, = af. On the other hand, when |p| > |pg|, we can
fill states as usual, so f, = a,.

We're ready to do perturbation theory around the Hy Hamiltonian. In first
order, all eigenvalues E, of H, are modified to Ey + (N|V|N). This is just
the Born approximation. (Note that Lancaster also refers to the technique in
section 43.1 as a “mean field approximation” but in first order perturbation
theory, I don’t think there’s a difference.)

The first thing to notice is that (N| : AB :y |[N) = 0 as long as A and B
are linear functions of a; and az, for all values of k and k’. This takes a bit
of analysis. Suppose at least one operator is an f (annihilation operators).
Then it is on the right and acts to the right on |N), giving 0. But suppose
at least one operator is an fT. Then it is on the left and acts to the left on
(N|. Again this gives 0.

Exactly the same argument applies to any normal-ordered product of oper-
ators that are linear functions of annihilation and creation operators.

Therefore the only potentially non-zero terms in (N|V|N) are the last three
in Eq. . These are just c-numbers (times the identity). Notice, however,
that the first of these — known as the Cooper ter Co <aj,_qa,t+q>N<akap)N
is 0 because (aja,)n = 0. To see this, remember that (aya,)n = (N|aga,|N)
and consider the following cases.

e Suppose |k|, |p| < |pr|.- Then a; = f,I and a, = f; and aga, =: f,Ifg N
(since normal-ordering won’t change the order of a product of two cre-
ation operators). Then as shown above, this gives an expectation value
of 0 in the N ground state.

e A similar argument shows that when both momenta are above (I mean,

2Strictly speaking, this is the Cooper term only when the ground state is |BCS), i.e.
when the subscript G in Eq. is set to BCS.

8



of course, the absolute values) the Fermi momentum, the expectation
value is 0.

e What about |k| < |pg| and |p| > |pr|?. Then az = f} and a, = f,.
The product is in normal order, and therefore by our normal-ordering
argument above the expectation value is 0.

e Finally consider |k| > |pr| and |[p| < |pr|. We then end up with
fx f; . Although this isn’t in normal order, the order doesn’t matter
because the two operators anti-commute since they have different values
of momentum. So again, we show that these give the same expectation
value (up to a sign) as the normal-ordered product which again is 0.

We have finally shown that the Born approximation is a sum of the last
two terms in Eq. . Those are the Hartree direct term Dy and the Fock
exchange term Fj. Lancaster goes on in Section 43.1 and 43.2 to evaluate
those terms. Lancaster (or at least my posted notes) also includes the Born
approximation for V', in the case that the ions are treated as jellium.

2 Superconductivity: Lancaster chapter 44

Before tackling superconductivity, we extended the V’ model considered
above by Lancaster. Instead of treating the ions as jellium, we treated them
as a periodic lattice. That led to the Bloch theory and bands. In terms of
the original Hamiltonian of Eq. , this simply is a change to V".

Then, as we move into the theory of superconductivity, we simplify things so
that the above theory of metals, based on perturbations of the solutions to
Hy, is now based on perturbations to a new starting Hamiltonian, known as
the mean-field approximation of superconductivity. The theory should look
roughly as follows:

e The above-mentioned theory of metals — including the Bloch theory —
applies to electrons outside of an energy band Fr—wp < F < Er+wp
where wp is known as the Debye frequency, and is approximately the
maximum energy of phonons (this isn’t something we’ve discussed up
to this point, so simply take wp as an assumption to be covered later.)



e Within the Debye frequency band, electrons are described by the mean-
field Hamiltonian to be introduced shortly in these notes, plus a per-
turbative term V" representing the difference between the mean-field
Hamiltonian and the full Hamiltonian of Eq. .

e The mean-field Hamiltonian is one that we can solve exactly so it will
become the basis for a new perturbative expansion.

e What I'm still murky about is how the two theories — inside and outside
the Debye band — are formally coupled together. I think that is covered
properly in more detailed texts. In Lancaster Chapter 43 (and many
other treatments) the Debye band — which includes the perturbative
term V" — is treated independently.

2.1 The Reduced CP Hamiltonian

What follows is the treatment given by Lancaster, but also found in Annett
and many other texts. This treatment is fairly straightforward and calcu-
lationally easy, but unnecessary. Fetter and Walecka, in their chapter on
canonical transformations (chapter 37 in my edition of their text), start with
the full effective Hamiltonian (the most general two-body interaction term
as shown in Eq. ) and arrive at the same end-point. The key observation
in both treatments, is that Wick’s theorem (see later) allows the interaction
term to be written as a sum of quadratic monomials plus an irreducible 4-
body term which can be argued — then shown — to be perturbatively small
relative to the other terms. The quadratic expression can be solved exactly
and is what leads to the BCS ground state. I recommend Fetter and Walecka
for a thorough treatment of the theory — including the precise inclusion of
the interaction coherence factor which I've summarized in Eq. (I)))as V;. In
the meantime, I'll begin with the Lancaster approach.

The idea is this: When electrons are within the Debye band, they attract
one another and form bound pairs — the Cooper pairs. We will treat the
superconducting theory as though it were factored away from the “normal”
theory outside the Debye band. We therefore focus on a theory entirely
consisting of electrons in the Debye band. Instead of referring to the a,
annihilation operators, we’ll use operators ¢, which are the same — except
that their action is strictly on the Debye “sector”.

The intuition for an appropriate starting Hamiltonian, is that it should only

10



contain the momentum combinations appropriate to Cooper pairs with 0

total momentum. In particular, the Cooper-pair sector of the Hamiltonian
will look like

Hep = Hy+ 05C' = Z epc;wcpa — K2 Z CLTCLQC_WCPT (6)
po pk

where €, is the Bloch-state energy minus the chemical potential (i.e. €, =

65 — ,u) and the sum is over all momenta in the Debye band. Notice

that the factor cLTcT_ 1, s what we’ve been calling the pair creation operator
P,I . Also notice that the interaction strength —x? is shown as a negative
constant, rather than as a more general V,. This simplification ultimately is
a manifestation of the BCS analysis of electromagnetic interactions between
electrons as mediated by phonons.

2.1.1 The |CP) states

We will consider the many-pair states that can be constructed as |CP) =
[1,.(ur + v P1)|0). Later, I will argue that for the mean-field Hamiltonian,
these are the most general many-pair states that need be considered for
finding the ground state of that Hamiltonian. For now, let’s show the family
of CP creation and annihilation operators associated with each |C'P) state.
Consider the k-sector of the |C'P) state:

ICP), = (uk + CLTcim) 0y, Ju?+ vl = 1.
The proposed annihilation and creation operators are
Vi = i e — Uiy (7)
Yok = Uk C—k| + Uk CLT. (8)

We now show that vy and y_y; are indeed annihilation operators for |C'P),
namely

Yt [CP) =0, 7ok [CP)y = 0.
We will also show that vy and v_x; and their adjoints follow the standard
anticommutation rules for annihilation and creation operators.

First the proof that v, annihilates |C'P).

3My notation differs from everyone else’s. They usually write €, — u where their def-
inition of € corresponds to my €. Recall that the chemical potential is included in the
Hamiltonian so that in a many-body theory, it acts as a Lagrange multiplier used to
constrain the particle-number to V.

11



e We compute:

Ykt |CP), = (u Cxt — U cT_k¢> (u +v CLTCLQ) |0)

= u® ¢t [0) +uv CkTCLTCim 0) —uv Cim 0) — v

CT,MCLTCT,H |0) .
e Using ¢kt |0) = 0, the first term vanishes.

e Also,
CkTCLT =1- CLTCkT.

Acting on ¢ 1 10), the second term becomes
CkTCLTCT—m 0) = CT—kJ, 0}

Thus the second term is +uw cT_k 110}, which cancels exactly with the
third term —uwv CT_k¢ 0).

e The fourth term vanishes since (¢ 1)? = 0. Therefore, yit [BCS), = 0.
Second, the proof for 7.

e Similarly,
Y-k |CP), = (u C_x, +v CLT) (u +v CLTCT_kO |0)
=u?c iy [0) +uv C—kwLTCtm |0) + uv CLT 0) + v? CLTCLTCJLM |0) .
e The first term vanishes because c_x |0) = 0.
e For the second term, anticommuting c_y past CLT gives
c,kicLT = —CLTC,M.
Then c,kicT_ki =1- CJr_mek@ and acting on |0) leaves
C*MCLTCT—m 0) = — CLT 0) .

Thus the second term is —uwv CLT |0), which cancels the third term
+uv cLT |0).

e The last term vanishes because (CLT)2 = 0. Therefore, y_x, |CP), = 0.

12



ol
qf"—al
Fermionic operators on different q # k anticommute, so 7y, can be moved
through the product to act only on its sector, where the above proof shows
the result is zero.

Finally, we extend the proofs to the full CP state |C'P) = Hq (uq + vq ¢l

Therefore,
"o |[CP) =0 Vk,o.

We now show the anticommutation rules.

® {Vor: Yot} = Uplp {Cpt, Cprt} + 77p6p’{cim> CT—p’T} + UpUp {Cpt, CT—pw} -
6pﬂpf{cT_p 1 Cptf- All the anticommutators on the right are 0. Those
with both annihilation or both creation operators are 0 because similar-
type operators always anti-commute. In the others, the operators have
different spins from one another (1 and |). Hence {vpt, vp1} = 0.

e A very similar argument can be used to show that {”y;r)T, ’VIT)’T} =0.

e Now consider {yp1, ’y:),ﬁ}. When we expand in terms of the ¢ and ¢ op-
erators we can again ignore anticommutators between operators of op-

>|0>.

posite spin. This leaves {7pt, VITJ’T} = TUplis{cpr, cL,T}—i—ﬁpﬁ;/{cLT, Cpir} =

(Jup|® + |vp)?) 6(p — P') = d(p — P’) since (|up|* + |vp|?) = 1.

Finally, since we will need this in the next section, invert Egs. @ and
to obtain ;
Ckt = UKVit T Uk g

Ckx| = UkVk| — Uk’YikT

13



2.1.2 Wick expansion with respect to |C'P) states

If we use the Wick expansion of Eq. @ we get

_ 2 R | .
Hep = Z epc;rwcpo — K Z[ CryCl i CoplCpt CP

+ (el )ep eopiep iop + 1 eyl op (copien)or
+ <CkTCpT>CP ! —k[C-pL P T CLTCpT ‘cp <0T—k¢c—p¢>0P
— {eke-pdor el e iop = el op (el epm)op
+ (elrcl ) epleopem)er + (caemer(cl cop)op — (chaep)op (el eoep)

9)

It’s straightforward to see that if p; # p, then (CP)c! 11Cat|CP) = 0. There-
fore the third line above can be written as a sum over p, o and combined into
the kinetic energy termﬁ , where it modifies €.

Hep = Z (ep - /i2<cT_pgc_p,,>cp> cjwcpa — Z[ CLTCT—MC—NCPT cp

po pk
Tor . . N N
+ <CkTC—k¢>CP DCopiCpt 0P T CCly foP (copiept)cp
T . . . . T
— {cprCopl)ep €Lyt iop = 1 OuCopy iop (CLy Got)ep

+ (chsc ) epleopem)er + (chem)ep(cycop)op — (chemp)ep(cy eodenl.

Next, we show that <cLTc_p 1)cp = 0. The simplest way to do this is to expand
cLTc_m in terms of the ~ operators.

ChrCopl, = Wl YV —pl, = UKV Yy — W Vi Wy + Wty Ypye (10)

When p # k, each monomial, M has a 0 contraction (s|M|s) because we can
anticommute the two ladder operators so that either, or both, of the ‘bra’ and
‘ket” are annihilated. When p = £ the only monomial whose contraction could
be non-zero is vV, Y_k iﬂﬁ' However, that contraction is also 0 because the
two operators have different spin, so anticommute and thus (s|y_, W;T| ) =

This establishes that (cch,m}cp — 0 and similarly (¢! Lieticp = 0. We use

4To be precise, we need to turn our momenta sums into integrals ka —
g2 (er) J‘lp‘*‘PFMk‘*lkF‘,<wD d3pd3k where g(er) is explained in section 1 ,

14



this to further simplify Eq. @D

_ 2 2 R I .
Hep = Z (Ep R <C]L—poc—pJ>C’P) C;Eacpo —k Z[ CirC—k C—plCpt ‘CP
po pk

P . S I S
+ (Geli)op : copilpt iop £ ety op (Copipr)cp

+ (efrcl ) epleopien)ep + (cacorop (el cop)ep]

This isn’t quite the mean-field Hamiltonian but it’s close. We have an ex-
pression that is based on a general |C'P) state. We define the reduced Hamil-
tonian by dropping the quartic normal-ordered term (assumed — then later
shown — to be perturbatively small) and the c-numbers (they have no effect

on energy differences). We'll also redefine (a.k.a. “renormalize”) the ener-

gies €, to €, = €, — K2 (cipgc_pa) Bcs. We can compute the contraction by

expanding cT_pUc,pU similarly to what we did with Eq. |D

T _ T T T T
C_ptCopt = UpUpY_ 1 V—pt T UpUpVpiVpy T+ UpUp V3 Vpy T+ UpUpVpl V—pt
T _ T i ToAT
Cp  Cpl = UpUp Yy Vpi T UpUpY—ptYpr — UpUpVp V—pt — UpUpY—ptVpl

(11)

When we compute the contractions of the above quadratic terms, the only
surviving contribution is (s|v,Up7pe),|s) = v2, s0 €, = €, — k*v}. Later, we
will estimate the size of 521)2 relative to €, and will see that it is small.

We'll also define the sum of the pure contractions to be a constant Ey, =
S orlebiel ) pos{copiem) Bos + (chaeur) pes(cl e es.
Then we end up with the reduced Hamiltonian.

— ..
Hp = E €pCpoCpo

po

+ =2 (el y)ep  cpien iop + eyl op (cpiep)or] + Eo
pk

(12)

2.2 The ground state |R) of Hp is a |CP) state

In this section, I will show that for Hg, the lowest-energy state is a |C'P)
state. Remember, the most general Cooper-pair state isn’t necessarily a
|C'P) state, so this demonstration is required. The subsections below were
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written by ChatGPT and describe a system of single particles rather than
pairs. However, the principle is the same.

Importantly, when we add a quartic term in the Hamiltonian, the argument
which follows does not show that the ground state is of the type |CP).

Setup
Consider a fermionic system with Fock vacuum |0) and two possible momen-
tum states kq, ko. The corresponding one-particle states are
k1) = a},[0), ko) = af,0).
A general normalized state has the form
1) = a|0) + Blk1) + 7[k2),
with |af?* + [8]* + [y* = 1.

Hr = H, + H,,

where H; acts only on the {]0), |k1) } sector, and Hs acts only on the {|0), |k2)}
sector.lﬂ That is, [Hy, Hy] = 0 and each H; preserves the corresponding sector.

Step 1: Eigenstates of each block

Let the normalized ground state of H; be

Hilg1) = exlgn),
where |g1) € span{|0), |k1)}.

Similarly, let the normalized ground state of H, be
Ha|g2) = €2]g2),
with |g2) € span{|0), |kq)}.

5Since the CP annihilation and creation operators can be written as linear combinations
of ¢ and ¢!, all with the same momentum index, then the normal ordered quadratic product
of ¢ and/or ¢, is a sum of quadratic combinations of the CP annihilation and creation
operators in the same momentum sector.
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Step 2: Tensor product structure

Since H; and H, commute and act on distinct subspaces, the Hilbert space
decomposes as

H=Hi, @ Hi,-
An arbitrary eigenstate of H must then be of the form
[¥) = |¢1) @ [¢2),

with eigenvalue £ = E; + F5 if

Hilyn) = Er[vn),  Halg) = Ealibs).

Step 3: Ground state minimization

To minimize the energy, we must choose |¢)1) = |¢1) and |¢)9) = |g2). Thus
the ground state of the full Hamiltonian is

Vo) = [91) @ |g2),

with ground-state energy
EO = e + é9.

Conclusion

For quadratic Hamiltonians that decompose into independent commuting
block terms H;, the ground state always factorizes into the product of block

ground states:
W) = H |9i)-

3 The mean-field Hamiltonian

Next we will define the mean-field Hamiltonian Hpcg by setting the |CP)
state used for normal-ordering Hg, to be Hg’s ground state |R), which at
this point we don’t yet know. However, we can find |R) by noting that it
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satisfies a self-consistency condition.ﬂ Although we could pose the |R) self-
consistency condition as an equation to be solved, it turns out to be easier to
find a solution by ansatz. Incidentally, part of the self-consistency for Hgcg
is the assumption that the quartic term is negligible when |C'P) is chosen to
be |R). Later we will redefine |R) to be |BC'S).

3.1 Eigenstates including |R), of Hp

Now follow Annett. First, we know that the Hp (ground) state is a Cooper
pair state that we will Writ as |R) =[], (ﬂk + @kcjch_k i)' The normaliza-
tion condition imposes the equality |ug|> + |0x|> = 1.

Define A = £% 3 (¢ picpp)cp. This is a function of the parameters u, and

v, that appear in the definition (above) of [CP). Then A = &> 37 urv,. We
can then rewrite Hg as

HR = Z EZCLUCPU — Z[A* 1 C_pCpt ‘CP +A CZLTCT—Pi :CP] —+ EO
po p

We call this the mean-field Hamiltonian for the BCS model. In
matrix form, we can write this as

e —=A Cpt
Hr = Z‘ @T Cfm) <_£* _e') (CTP ) ‘op 1y

p P -pl

We then diagonalize this matrix — that’s the Bogoliubov procedure. We end

6This business of self-consistency is, I believe, ill-defined. Here are two examples of
equations. Equation A is z = x. Equation B is 22 = —3z —2. Both equations are solvable.
The first — a tautology — is solved by any x. The second is solved by two potentially
different values of x. Both equations are examples of self-consistency conditions. But a
“self-consistency” method of solution proceeds differently than the usual algebraic method
which we used in deriving the above results. In the “self-consistency” method, you start
with an ansatz, and then you either verify that the ansatz is true (i.e.., the equation is
solved)— or if the ansatz involves some free parameters, you adjust the parameters until
the ansatz is true. For Equation A, you could take the ansatz “xz = 3”. That is true, so
we have a self-consistent solution. For Equation B, you could take the ansatz r = —2.
That is also true, so is a self-consistent solution. However, in both cases using the ansatz
method, the solutions aren’t unique. With the “usual algebraic” method, you would find
all the solutions. With the “ansatz” method you might miss solutions.

Tas usual in this section, I'm suppressing spin and also not indicating that k is a vector.
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up with

E 0 b
_ E A pT \ . /
Hr = ' (bm b_p‘L) (Op —Ep) (bTm> r Ey

P

_ PSRN B ~x f ~ 2 1 D\ |5 12 —
where by = Upcp—Tpct b = Tyepptine , and [4,]° = 5 (1 + E—’;) 0p2 =

112 a5 = A — [ 2 - ’ :
5 (1 Ep) Uy = 55~ where B, = /e + [A[*. Notice that €, is a function
of v, so in principle, we have to solve a quartic equation in order to obtain

v, as a function of €, and A. However, as shown earlier, the correction to ¢,
. . ;.
is small, so we can approximate €, with €.

One observation turns out to be very useful in making our approximations
later. When €, > A, v, ~ 0. Also when —e, < —A, u, ~ 0. We will use
this fact to bound sums of terms with coherence factors u,v,.

Also, the constant Fy was modified to E{ to account for further changes of
operator-order in diagonalizing the matrix. E is known as the condensa-
tion energy. We notice at this time that the b and b' operators are defined
in terms of the ¢ and ¢! operators using exactly the linear combinations of
Eqgs. and , if we substitute @ and v for v and v. Therefore the b and
bt operators satisfy the standard anticommutation rules for annihilation and
creation operators, and also the by and b_p operators annihilate the state

|R) =11, (ak + @kCLTCT—m)'
Noting that : b,mbT_m =— bT_pib,m :, and that sums over p are the same
as sums over —p, we end up with

HR = ZEP <I b;prT cp Tt b;rwbpi :C’P) + E(/) (13)
p

Now we’re ready to impose the self-consistency condition. So far, @ and v
are functions of u,v. In particular, normal-ordering with respect to the CP
state (defined by w,v) is not necessarily the same as normal-ordering with
respect to |]~%) (defined by the variables @, o both of which are functions of
u,v).

The self-consistency condition for the ground state of Hg, is that it is anni-
hilated by by’s where @ = u and © = v (that is our ansatz). To see that such
a state is a ground state, note that normal ordering is with respect to the
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i, v operators and therefore, since those are the b operators, we can dispense
with the normal-ordering on the RHS of Eq. (13), leaving us with

Hp= 30 By (0byr +blby) + By, (14)

Ip|—lpr|<wp

This is the standard form for the Hamiltonian of free fermions with energyf]
E,. Since |R) is annihilated by byt and b_p,, it is a ground-state eigenvector of
Hp. Moreover, any other state in the Hilbert space is obtained by consecutive
applications of the creation operator b and as usual for free particles, the
average energy of such a state would be larger than the ground state energy.
So if we can find a solution to the self-consistency condition, it is unique.

In summary, if we take the ansatz u = uw and v = v, then the Cooper-pair
state defined by the parameters u,v is the ground state of Hz. We can
therefore write Hpr using normal-ordering with respect to that state. We
will refer to this Hamiltonian as the mean-field Hamiltonian Hgcg and this
ground state as |BC'S).

3.2 Solving for the ansatz

We can now solve for @ and v following Lancaster section 44.3. Recall that

A = g2 E|p‘7‘pF‘<wD urv, = K2 Z|p|7‘pF‘<wD yv, where We’ve employed 'our

ansatz, and also have re-enstated the momenta-bounds in the summation.

Also recall from the Bogoliubov solution, that u;v, = %. Substituting into
P

above, we end up with

A = g2 Z A

EP
Ipl—lprl<wp

This is Lancaster’s Eq. (44.24). We can then solve this as shown in Lancaster
Egs. (44.25) - (44.27) to obtain sinh ™' 2 = %, where A = k?g(ep), and g(€')
is the density of states at energy ¢’ (assumed to be approximately constant
when ¢’ lies in the Debye band around ep.) When |A| << wp, this becomes

|A] ~ 2wpe” k.

8As far as I can tell, there’s nothing that would have stopped us from taking E, to be
negative (remember, we derived that E, was a square-root). However, I believe that the
net effect of doing this would be to exchange the definitions of creation and annihilation
operators — or equivalently exchange definitions of holes and electrons. This may need to
be double-checked.
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With this, we obtain all the parameters defining both the BCS mean-field
Hamiltonian ground state, and the eigen-energies of the Cooper-pair states
of the theory.

Note that the u and v parameters are defined only up to a phase. To see
this, write u, = e |u,| and v, = ¢?#|v,|. Then upv; = e'(O‘P*/BP |up||vp]. This
ﬁ and therefore the
overall phase ambiguity simply amounts to the fact that the BCS ground
state is only defined up to a phase.

phase is uniquely given by the above equation v, =

One final topic regarding the derivation of the mean field Hamiltonian. In sec-
tion 44.3, Lancaster derives the BCS ground state without all the artillery of
Wick ordering and so on. In that section, he is only able to obtain the ground
state and ground state energy, but doesn’t have a mechanism for obtaining
the excited states, nor the energy gap. The derivation of section 44.3 starts
with the Hamiltonian Hop shown in Eq. @ above. Ultimately, apart from
renormalization of €, and the introduction of Ej, this is the same as our BCS
Hamiltonian except for the term Vo = —k2 Zpk : cch k1 C—plCpt 1BCS-
What is noteworthy, is that the minimization procedure of Lancaster section
44.3 leads to the same ground state as what we obtained above when ignoring
the normal-ordered term Vyo. That result is good to all orders in k but we
will also show it later in lowest-order perturbation theory.

3.3 The superconducting Schrodinger equation

Before beginning our study of the energy gap and quasi-particle spectrum, I
want to briefly revisit the superconducting Schrodinger equation, which we
used to explain some of the key features of superconductivity including 0 re-
sistivity and the Meissner effect. The summary of the Schrodinger-equation
approach is this: We write a classical Schrodinger equation describing a par-
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ticle in the presence of an electromagnetic field. We then use this equation to
develop the time evolution of a system of NV particles. In order to justify this,
I've said that we can make an identification between fields and wavefunctions
and that this identification is based on coherent states. It was my intention
to clarify how this is done when we're dealing with fermion-pairs.

I've previously discussed how this is done with bosonic systems. In those
systems, we defined coherent states |«) that have the property ag|a) =
a(k)|a) and which are also eigenstates of the field operators. The Euler-
Lagrange equations for the field operators then become equations for com-
plex fields. Lancaster argues that the operator P,I = CLTCik | sort of behaves
like a boson creation operator. But then Lancaster goes on to show that
this pair operator doesn’t actually satisfy the bosonic commutation relation

[Pk,P,I,} = §(k — K’). Nevertheless, Lancaster defines a state, which I'll
call |C'P), that resembles the definition of a bosonic coherent state, namely

|CP) = T[], Cpe»" 210 where C, is a normalization constant. As we’ll see
shortly, this state is not an eigenvector of the pair creation operator. So
what gives?

First notice that, since P is composed of fermion operators, that P,Z P,Z = 0.
Then, when we Taylor expand the exponential operator that appears in the
definition of |C'P), the only terms in the expansion that survive are either
0" or 1% order in P;. We obtain |C'P) = [],(uzx + vxP})|0) where ay, = o

and the coefficients u; and v, are set so that the state is normalized. We use
this representation of |C'P) in the next sections.

What we would like to see, if |C'P) is truly like a bosonic coherent state, is
that P,;|CP) = ax|CP). That turns out not to be correct. However, it’s
not a necessary requirement for developing the Schrodinger-like theory of
superconducting. I've spent a great deal of time (weeks?) trying to mas-
sage this idea into something rigorous. The best I can do still has significant
holes and I've decided — reluctantly — to abandon my approach, realizing
that there are systematic treatments in the literature. In particular, Fetter
and Walecka, in Chapters 51 and 52, are particularly careful and appear to
fill in the many open questions which I wasn’t able to answer. I'll admit
that, as of this moment (November 2025), I haven’t studied these chapters
in any depth. Perhaps if I did, I would be able to connect back to what
I’d been attempting to do — which was to show that the Schrodinger equa-
tion could be justified formally. Unfortunately, with the Fetter and Walecka
treatment, it’s easy to lose sight of the simple boson-like Schrodinger ap-
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proach (which I borrowed mostly from Feynman). Presumably, one should
be able to justify the Schrodinger approach by some approximations which
correspond intuitively to a theory that looks like a boson theory. I think
I've gotten myself into trouble by attempting to make this correspondence
without clearly understanding how to go about the correspondence between
formalism and intuition. The intuition presumably applies to any system
where fermions strongly couple together to form integer-spin systems. In
that intuition, the strong-binding has the effect at distances far from the
bound system (i.e. long wavelength), of washing out any fermionic aspects
of the bound state. So if I want to make the connection with the formalism, I
would need to somehow separate the large-frequency from the low-frequency
behaviors. The problem should probably be formulated by starting with a
“pair-field” Wy (r)W, ('), then rewrite both position vectors and momentum
vectors in terms of center-of-mass and relative-coordinates. ChatGPT has
offered a lot of analysis of this problem, but perhaps I misguided ChatGPT
by suggesting a starting point to be approximated. Here’s a concrete issue
I’ve run into. In connecting the Schrodinger equation to our basic supercon-
ducting field theory, I've assumed that the “wavefunction” must somehow
correspond to a field that is a Fourier-transform of pair-creation operators.
Then the question becomes “what complex-valued function should we take to
represent that field?” One possibility — the one that ChatGPT has analyzed
—is that we take the BCS-state expectation value of all field operators. That
seems reasonable, since at 0 temperature, the state of the system is the BCS
state (the lowest-energy state). However, the BCS state consists of a conden-
sate of pairs each with 0 COM (center-of-mass) momentum. Then moving
pairs will always have 0 expectation value in the BCS state. But when we
speak of currents, we are explicitly interested in moving pairs, so the BCS
vacuum must be the wrong state in which to take expectation values. In the
treatment by Fetter and Walecka, they look at the ensemble average of oper-
ators and they also set up a self-consistency equation to go along with their
Schrodinger-like differential equation. I don’t know if that self-consistency
equation ultimately “selects” the correct ensemble state but perhaps it does
— and if so, could fix the problem caused by starting with the BCS state.

Another thing that I haven’t tried, is to take the Hamiltonian considered
earlier in this document (the one with the contact potential between particle
pairs) and add to it, the EM interaction. Since the EM field is here treated
as an external field, the relevant terms of the Hamiltonian are all quadratic
in the fermion fields, so it should be possible to find the eigenstates for
the corresponding mean-field theory (i.e., one where we ignore the normal-
ordered potential term). I don’t know what would happen. It doesn’t sound
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hard to do and maybe the Schrodinger equation would emerge from that.
But if it did, it seems to me that this approach would have appeared in one
of the references I've been using.

So in summary, the Schrodinger equation approach seems reasonable — and
seems like it leads to the correct superconductivity physics — if we follow the
intuitive idea that the Cooper-pair field should be approximately bosonic,
and that there is a coherent-state structure with similar properties to bosonic
coherent states. For a more complete derivation of superconductivity physics
and the Ginsburg-Landau theory, we may need a different starting point
which uses the Euler-Lagrange equations (which resemble the Schrodinger
equation). Fetter and Walecka provide such a derivation.

3.4 Perturbation theory

The objective of this entire section on perturbation theory, is to show that
the mean-field Hamiltonian in Lancaster and elsewhere, gives a reliable ap-
proximation to the Cooper-pair spectrum. We approach this by taking the
mean-field Hamiltonian as the 0 order term in a perturbative expansion of
the full Hamiltonian, and then comparing the size of perturbations to the val-
ues of the energies they are modifying. It should suffice to consider only the
first-order perturbations, but we will also examine the second-order pertur-
bations to convince ourselves that consecutive terms in the series indeed are
suppressed by powers of the perturbative parameter (which we’ll introduce
later as A). Also, some of the perturbative terms have coefficients inversely
proportional to the total number of particles in the Debye band. Since that
is a very large number (only a few orders of magnitude smaller than Avo-
gadro’s number), such perturbative terms can be regarded as essentially 0
(but we’ll write O(3)). These terms are often described by saying that they
are phase-space diluted.

Although I've looked in all sorts of references, and used ChatGPT, I've found
that most of these do only a cursory job of perturbation theory. The one
text that goes into the appropriate level of detail, is Fetter and Walecka
Quantum Theory of Many-Particle Systems. I will refer to this book from
time to time.

The mean-field Hamiltonian is an approximation to the two-body interaction
Hamiltonian of Eq. . Here are the various terms that have been left out
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of the approximation:

e The normal-ordered quartic term of Eq. @), Vvo = —K? Zpk : CLTcT_k 1C—piCpt IBCS-

e The g dependence of V' (by which I will generally also mean “the general

spin dependence of V7), namely V), = =3 > V}]cJ(rpf Do Czk +q)os Cos Cpoas
01=0309=04

where the symbol Y~ means that we should exclude momenta combina-
tions already counted in Hop. The mean-field Hamiltonian sets ¢ = 0
and p = —k. When we explore this contribution later, we will set
V, = k*. For a more accurate perturbative analysis, we would need to
analyze the momentum-dependence of V, — and that would require a
proper treatment of the phonon-electron electromagnetic interactions.
We won'’t consider this further in this note.

The ¢ dependence also should extend Vo to

_ 1 | T .
Vono = =52 sk Vg Clp—q)or Clk+q)os ChoaCpoa BCS- We recover
01=0302=04

Vno by restricting the sum to k = —p, setting oy = 04 =71, 09 =
o3 =]} and then relabeling the summation indices. Notice that in the
definition of Vgno, I have not excluded any momenta from the sum. If
we wanted to show how the ¢-dependent normal-ordered quartic term
perturbed the correspond term from Hgp, we would need to exclude
certain momenta in order to avoid double-counting. However, it will be
easier for us to simply deal directly with the full (no momenta excluded)
quartic term. That’s what we’ll do later.

e V,;, — the electron-ion interactions — other than for the implicit depen-
dence captured in the four-body interaction. We will not consider V,;
for now. See Fetter and Walecka for further information.

e The separation of normal and Cooper-pair states for electrons in the
Debye band. We also won’t consider this separation for now, nor the
value of the Debye frequency.

The key parameters of a perturbation expansion are A = k2g(er) and % As
a reminder, in general for QM, when H = Hy + H' (when “H'"” is small),
the eigenvalues of H are obtained to the first two orders of a perturbation
expansion in H' by

e First-order correction:

E,(f) — <n(0) |H’|n(0)>
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This is known as the Born term.

e Second-order correction:

(0) ‘ H'[n®)[?

oyl

(0)

where H' is the perturbing Hamiltonian, [n(?)) and EY are the unper-
turbed eigenstates and energies.

When we compute the various inner products, we will use identities of the
following sort:

e Use the fact that |BCS) is the ‘vacuum’ state annihilated by the b
annihilation operators

bra| BCS) = (BCS|b], =

e Use canonical anticommutation relations to simplify expressions involv-
ing several operators — including expressions where excited states are
described as products of creation operators acting on |BC'S). So, as an
example, consider a state |s) = bf|BCS) and operate on it with the
operator by,

by bl |BCS) = —bl byor|BCS) + 04006, | BCS) = 6,,000.0/| BCS),

where we've used the fact that by, annihilates the BCS vacuum. We
generically refer to the kind of step used in the above equality, as a
“contraction”. Notice also in this example and elsewhere, that we are
treating the momenta as discrete quantities. If we were to treat the
momenta as continuous quantities we would need to employ integrals
and a density function. Examples are given elsewhere of how this is
done.

Final overall comment: As we’ll quickly see, perturbation theory becomes
unwieldy fairly quickly when expressing all calculations using annihilation
and creation operators. For accurate and easier calculations, it’s necessary to
restructure and re-use intermediate results. The most systematic way (that
I know of) is to schematically represent the various steps using Feynman
diagrams. Not all calculations can be most effectively done in this way. See
Fetter and Walecka for a comprehensive treatment of all this.
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3.4.1 Why BCS doesn’t pop out of free-electron perturbation the-
ory

One might ask the question “why should we begin with the mean-field
Hamiltonian and then use perturbation theory to compute the corrections
to that Hamiltonian?” Couldn’t we have started with the free Hamiltonian
(no Cooper pairs or BCS vacuum) and treated all interactions (including the
interactions of the mean-field Hamiltonian) as perturbations?

I believe this question is covered in Fetter and Walecka but I haven’t ex-
amined that section. Instead I'll state my opinion based on experience.
The BCS theory has the feature that if we start with a free Hamiltonian
(Ho= >, %agaapa) and add the interaction potential, then if we do per-
turbation theory around that free Hamiltonian, the terms either blow up
or the theory becomes unstable. I haven’t checked that this is true, but
I think there are similarities with the Higgs mechanism, where one is led
to the conclusion that the correct starting Hamiltonian (corresponding to
a “true” ground state) is based on a shifted starting point (a point on the
rim of the “Mexican hat”). In the case of BCS, the correct starting point
for our mean-field Hamiltonian is based on Cooper pairs. The 0*-order en-
ergy eigenvalues turn out to be a non-perturbative function of A (by which I
mean a function without a convergent perturbation series around A = 0). In
particular, the energy gap (which appears in all the energy eigenvalues) A
satisfies |A] &~ 2wpe~x. An alternate approach might be that we start with
the original “divergent” perturbation series and extract pieces at each order,
which add up in a systematic way, as a geometric series with a sum such as
ﬁ — a function with a pole at A = 1, but which can be extended to larger
values of A beyond the radius of convergence of the original theory. I'm not
sure this actually happens in super-conductivity but see Fetter and Walecka
to find out.

3.4.2 Proper normalization of sums

This section addresses an important intuition that seems to be evasive in
the notation I've been using. To set the stage for this discussion I'll focus
on the quartic term Vyo = —k? Zpk agazakap. This is a double-sum which
suggests that in general, there are N terms, where N is the total number of
single-particle states (aka the single-particle phase space) in the Debye band.
Vyo therefore looks as though it should be O(k*N?). However, as we’'ll see
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shortly, when taking (n(?|Vyo|n(®), the double-sum is reduced to the order
of the number of Cooper pairs in the state [n(®)) So this suggests that the
Born term is suppressed by a factor of N relative to the 0*'-order energies.

What follows is an attempt to quantify this idea. I'll begin by admitting
that this question plagued me for over a week and that I devoted hours and
hours chasing it down in ChatGPT, then textbooks and papers. I'm not
especially confident in my conclusions, mostly because sources are sloppy
about the precise meaning of terms like “density” and “interaction strength”.
Nevertheless, I will present my current best understanding of the situation.

Of critical importance is the realization that some parameters are physically
meaningless because they can’t be directly measured. This is the insight
that is key to understanding renormalization techniques. In the literature,
parameters that can’t be directly measured are known as “bare parameters”.
In superconducting field theory (i.e., a theory with the occupation number —
or ladder operator — representation), parameters like k* and g(er) are exam-
ples of bare parameters. (For example, when we say that ¢ is a density, we
need to resolve the question “density with respect to what?”.) Regardless
of how they are presented, the two of them can’t be dis-entangled from one
another. In what follows, I'll discuss the notion of explicitly exposing the to-
tal number of particles (alternatively I could have chosen the total volume).
Ultimately, measurable results won’t depend on this, so if I made an inap-
propriate definition, that won’t matter in the end. However, for guessing in
advance the order-of-magnitude of certain quantities, it’s convenient to pick
our best guess for introducing the number of particles as a “renormalizing”
factor. One way in which condensed-matter physics differs from elementary
particle physics, is that the total number of particles is, in fact, finite and
measurable. So in principle, one might be able to measure some of the bare
parameters, although the experiments of most interest, are ones which com-
bine parameters into a measured quantity which should be independent of
N. If our theoretical instincts are right, then measurements will confirm that
those measured parameters are independent of system-size.

With all this in mind, we turn to the question of intensive versus extensive
quantities. We want the total system energy to be extensive — that is, the
energy should be proportional to either V (the volume) or N (the total
number of particles). Different authors choose different conventions (and
some authors don’t bother mentioning either one). Since the double-sum
of Vvo has N2 terms, the coefficient should — in order for the whole thing

to scale as NV — be of the form % where A\g is an “intensive” interaction
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strength (characteristic, for example, of a single two-electron interaction). I
will therefore set k2 = ’\0 . When we compare this to the Cooper-pair energies
— all of which exceed A — immediately see that the perturbation ratio is — j\>}0A

and since N is huge, the ratio is very small — as hoped.

One last — but very important — remark about our conventions. We set the
dimensionless coupling A = 3¢g(ep) = k?g(ep) where the density g(ep) is
defined to be the total number of electrons per unit energy. Since g is an
extensive quantity (proportional to A/) then A is intensive (independent of
number of particles). But as mentioned in the previous paragraph, things
are actually the other way around. A is observed (and even predicted from
first principles — but that’s outside of the scope of the current information
we’ve introduced about x?) to be intensive and from there, we are motivated
to make the assignments of the renormalized parameters.

We could instead use A as the physically relevant interaction strength. Then
we write k2 g(e 7 We next observe that the density g(er) is roughly the
number of electrons in the Debye band, divided by the energy range of the

2N _ 2Aw
Debye band, i.e., Then x% = et

3.4.3 The difference between ¢ and ¢

We can estimate the size of the modification to €, as follows: —,‘<;2<cT pgc,pg> BCS =

2Awv?2
—/@%ﬁ A — XJ/UP. Notice that |e,| 2 . So comparing the correction term

to €,, we find a ratio < Avp. A typlcal expemmental value for A is A = .2.
Furthermore v? < 1. So the correction is small.

3.4.4 Some caveats about the perturbation theory that follows

During the work that I've laid out in the many sections below, I came to
realize a few important points that I missed along the way. This section is
being written after all the analysis which follows, and I don’t have the desire
or energy to make the corrections which should be made based on the two
caveats to be raised here in this section. However, I don’t believe that any
of my qualitative conclusions depend on these. If we were to attempt an
accurate calculation, we’d have to take into account the points about to be
discussed, but there are many other matters that would also have to be taken
into account and are completely outside the scope of my work.
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e First Caveat: Throughout the perturbative analysis, we encounter sums
of monomials consisting of products of ladder operators. For example,
we will find operators that look like wyviug—qvp+q Zpk . b;TbLTb](Lk_q) inp +q)Tb7T"TbI’ .
Then we will take these operators and operate on states that are de-
fined as ladder operators acting on the ground state. In our example,
we might operate on a state of the form (S| which is composed as
(BC'S|bayoy---bagos- When the creation operators match the annihila-
tion operators, we are left with a non-zero result — typically +1 multi-
plied by the coherence factor monomial u,vius_qvp+4 for the particular
values of p, ¢, k that match the annihilation operators that define our
state. Ultimately, we sum over the a;’s and ;’s. However, there is an
exception which — for the most part — I missed. There are situations
that can occur, when two of the creation operators are precisely the
same. So for example, we might have p + ¢ = k and (in our example)
since both have the same spin, the creation operators are identical.
But for fermion operators, that always results in 0. So after we do all
our state-matching and summing, we end up with sums of monomials
in the coherence factors for example uyviug_qvp4, €xcept that those
sums need to exclude the cases where two operators are equal (in this
example, the case when p 4+ ¢ = k). I have taken care of that situa-
tion in certain cases involving sums encountered during perturbations
of the ground state (specifically, when computing energy-perturbations
involving monomials of only creation operators acting on the right), the
sums are the same as those encountered for the ground state except
that we have to leave out individual terms that match the quasiparti-
cle energ(ies) of the state being perturbed. Typically, the effect is to
reduce the dimensionality of the sum — for example, from a sum like
> pqe might become >~ ;. As we will explain later, single sums typically
suppress perturbative results O(N) so if we have found below a pertur-
bative result with a double sum — which is therefore not suppressed —
then if we were to correct that sum by eliminating terms that have two
equal operators, we would be left with a single sum which is suppressed
by O(N). The reason we were particularly careful with the case where
all potential operators in the monomial are creation operators, is that
this is a triple-sum which would normally ‘diverge’ as O(N'). However,
that triple-sum must be subtracted from all energy eigenvalues in order
to make the ground state have 0 energy. For states other than the vac-
uum, we need to introduce one or more creation operators (those that
put quasiparticles into the state) and when any of those are equal to
a creation operator that appears in the triple sum, we have a 0-result
that differs from the situation with the ground state. The total of
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all such differences is a double-sum, and since we have subtracted the
troublesome triple-sum, we have a nice convergent result (the double
sum).

Second Caveat: This is a lot easier to explain. Our analysis is done en-
tirely based on the idea that the potential term in the Hamiltonian has
a coefficient x? which multiplies all the 4-ladder-monomials. However,
that doesn’t accurately capture the nature of the 2-body interactions in
the theory. Fetter and Walecka are careful to include those interactions
by writing the potential term as

1
Y = _5 Z <k1)\1, k2A2|V|k3)\3, k4)‘4> X a;[{1)\1a;[<2/\2ak4>‘4ak3>‘3'

k1+ko=kz+ka
A1A2A3 )y

They then do all of their analysis using the matrix elements of V', and
explaining what approximations are used. By including these terms,
we could in principle avoid questions of how to deal with the Debye
boundaries, since that information would be part of the model for
V. In particular, in calculations later where we need to be careful
about limits of integration, the inclusion of these V matrix elements
would, I think, make it easier to think about what the appropriate
boundaries would be for integrals that involve p + ¢, for example.
To be a bit more explicit, notice that Fetter and Walecka hypoth-
esize that V is spin-independent and can be approximated by (k.-
k|VIK, —K') = k?O(w — €O (w — lepe|[). Then, below when we have
integrands involving, for example £ and p, I implement this approxi-
mation by putting bounds —w and w on each of the k£ and p integrals.
However, for integrands involving for example, p,q and p — ¢, I have
continued to use the same integration bounds but what I should have
done (which would follow from inclusion of the V' matrix element) is
had © functions corresponding to each of p, ¢ and p — ¢. This might
have helped prove that all coherence factors ultimately are ‘cut off” by
A (that’s far from obvious and perhaps completely untrue, since the
w-cutoff doesn’t appear to be directly related to any A-energy suppres-
sion.) I haven’t carried through with all that. For my purposes in the
analysis that follows, I’ve mostly been able to fudge over those nuances.
However, I'm concerned that in situations where we really have to care-
fully do integrals over 6 or even 9 dimensions (3 each for k, ¢ and p),
and then split the integrals into constant energy hyperplanes etc., it
might be necessary to pay more attention to the V' matrix elements —
otherwise risk integrating over regions that should be suppressed. But
like I said above, it’s far from obvious how that will ultimately help.
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3.4.5 The residual potential — expansion in terms of b operators

The normal-ordered quartic potential Vyo is expressed using the ¢ opera-
tors and can therefore be expanded as a sum of quartic terms using the b
operators.

Introduce u,u’,v,v" in the expansions

cLT = ub,TCT +vb_py CLT = u’bm — v’bT_pi

with

S
I
e

T

V= Vg,

S
Il
£

The expanded and normal-ordered result is

16
Vo = —K? E T;
i—1

with the T; given below.
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Ty = w?u b b1} by by,
T, = uuv’bJr b b Lo 0pls
Ty = —uu'v/ b, b, BF by,
Ty = —u*? bl o', bl of
4 kt ¥ —k] “pt
T5 = —UUU/2 blt:ﬁ ka b_p¢ pr,
_ Tt
Ts = —uvu'v' by, bl by by,
_ A
Tr = —uvv'u’ by, pr ka by,
_ 2 1T
Tg = —Uuulz bT—k¢ b_]Q b_p¢ bp s
T10 = —’UUU’U’ biki btpi b_]w b—pi’
T11 = +UUU u bT —kl prb kl pr,
Tyy = —vuv'? bT b b LoL bk
T13 = —qu'Q b—ki ka b—}?i pr,
_ 2 T
T14 = +v7u U/ b—pJ,b kl ka b*piv
Tis = +1)27/u' bLT b—kJ, ka pr?
T16 = +U2’UI2 b;fﬁ bT—pi bfkj, ka.
In the remainder of this section on the residual potential, these T; will be
used. We've been a bit cavalier in our definitions of T; because they are, in
fact, functions of p and k. We could show that dependence as T;(p, k) so that

we would write Vyo = —K*) S Ti(p, k). In what follows, we usually
suppress the p, k arguments of T;.
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3.4.6 The residual potential — first order changes to eigenvalues

We'll start with the first-order correction to energy eigenvalues. Each state
In®) is of the form [T bMO)BCS or pos(0| [, b for some collection
(k;). The annihilation operators (in terms of the b ladder operators) of Vyo
operate on the right and the creation operators act on the left.

First consider an excited state consisting of exactly one quasiparticle, e.g.
bIT|BC’S ). The first-order energy correction is (BC'S |br¢VNobiT]BCS ). The
only possible non-zero contributions would require a monomial in Vyo which
includes bIT and b,4. These would be required in order to pair off with the
excited quasiparticle for both the ‘bra’ and ‘ket’. There remain two unpaired
operators in that monomial (since the monomial is a quartic) and because
they are normal-ordered, their |BC'S) expectation value is 0.

What about states with two quasiparticles? First consider a state of the
form bini,HBC’S ), where both quasiparticles have the same spin. The only
contributing monomials of Vyo would be ones where all 4 operators have that
spin. Moreover, there would need to be two annihilation operators and two
creation operators. The only candidate is term 77 = —uwvv'u/ bLT bjﬁ bit bpy
By matching annihilation and creation operators, we see that p matches r
or ', and k matches r or r. Both combinations correspond to a unique
solution for p, k in terms of r,7’, and also uwvu'v' = u,v,uv,.. Therefore the
double-sum collapses to 2 individual summands, and if we arbitrarily set the
uvu'v'-coherence factor to be ~ 1 (it is less than 1) the expectation value
for this state, is —2k? ~ —A‘AT“’. Moreover, to obtain the relative correction,
we must divide by the energy of the unperturbed quasi-particle state. Since
there are two quasiparticles, that energy > 2A. Taking the ratio, we find
that the relative correction is ~ QAA—A"; =0 (J%,) This is negligibly
small. For opposite spin the only candidate is 77y which, in the same way,
leads to a relative correction of O(5;).

Now consider the case of states [n(?)) in which there are two quasiparticles
of opposite spin, binI, $|BC’S ). In the double-sum, we would require annihi-

lation operators to pair with bI,T and bj,, , as well as creation operators to pair
with b, and b). This can happen in Viyo with the terms T4, Tg, T, Tis.
Start by looking at T} = u?u’ bLT bim b_py byy. By setting the pair-matches

we have p = r and k = r but this can only happen if ¥/ = —r. If in fact,
r’ = —r, the double sum collapses to a single term and as before, we obtain a

relative correction of O(5;). Next look at Tg = —uvu/v/ bZT bT_m ber b_p. By
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setting pair-matches we have p = —r’ and k = r. Again, a relative correction
of O(%) Similar results hold for 73; and Tig.

Notice that the above technique involves solving 2 equations in 2 unknowns.
If the equations are independent, then there is exactly one ‘match’ and the
relative correction is (9(/%[) If the 2 equations are dependent (i.e., they are
proportional to each other) , then they can only be solved for certain r = —r”'.
We are now ready to tackle states with more than two quasiparticles. There
are several different kinds of situations. Since my objective is to estimate
the size of perturbations, I'll only consider a representative example and will

generalize from there.

Let [n©)) = bilTbIQ ¢bj«3¢bi4T|BCS>' All momenta are different from one an-
other, otherwise by the Pauli exclusion principle the result would be 0. Take
any T;. If we pair off an unequal number of creation and annihilation oper-
ators, our expectation value will be left with an unequal number of annihi-
lation and creation operators (since it began with an equal number prior to
matching — creation operators for the ‘ket’” and their adjoints for the ‘bra’).
But in that case, the expectation value is 0. If we have an equal number of
annihilation and creation operators in 7}, then we can choose to match the an-
nihilation operators with any pair (provided spins match) out of 1, 7q, 73,74
and we can match the creation operators with any pair — possibly differ-
ent. However, if the two matching pairs are different, than the remaining
unmatched operators have different momenta, can anticommute and then
annihilate the ‘ket’ (i.e. (BCS|aB’|BCS) = —(BCS|Bla|BCS) = 0 if «
and ( are annihilation operators ). As a result, the T; operators pair off with
at most 2 of the quasiparticles in [n(?)), and the remaining operators pair
off with each other. As an example, take 77 whose annihilation operators
have opposite spin. For |n(?)) above, the possible pairs are (r1,73), (rs,3)
and (r4,72). If we took T7 where both annihilation operators have spin up,
the possible pairs are (ry,rs), (r1,74) and (rs,ry). And if we took T3; with
all spins down, there are no candidate pairs (so a contribution of 0). Going
back to T and T7 there are 3 possible contributions (a contribution involves
the 2 possibilities per pairing) — one for each pairing — leading to a correction
of magnitude 6x? (we set the u and v values to 1, which is an upper bound).
The relative corrections for those terms are ~ GQ(QF)ETL = }\?gf = O(5)- We
see that this approximate contribution comes from some, but not all, of the
T;.

Now we can generalize. Let [n(?)) be a state with M quasiparticles of various
spins. The maximum amount of pairing if all spins were up, would occur
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with 7%, in which case there would be a total of 2(%) = M(M — 1) and a
relative correction (magnitude) of &~ k2 M?2. With mixed spins, the maximum
amount of pairing (per 7;) would be less. For example, assume half the spins
are different. First look at the case when all momentum-sectors are different
(byy and b_,, are considered to be in the same momentum-sector). The
contributing terms of the potential are T, T%7, T1o, T11. In each case there are
approximately MTQ pairings . So the total correction is k2M?. Second, look
at the case when all particles appear in Cooper-pairs. That is, if the state
In(?)) contains a particle labeled (p, 1), then it also contains a particle labeled
(—p,J). The term 77 has % matches, since the creation operators must
also match the annihilation operators otherwise there would be a mismatch
between the particles not annihilated in the ‘bra’ and ‘ket’. Similarly with
the term 7. So both those terms are suppressed by O(N) relative to terms
Ty, Ty, Tho, Th1. Those contribute ~ MXM=1

correction is ~ k2M? for large M.

pairings each so in total, the

So far, we haven’t considered the u and v contributions. When € > A,
tue ~ 1 and ve ~ 0 and when ¢ < —A, vo ~ 1 and ue ~ 0. For large values
of M, the majority of quasiparticles have |¢/| > A so either uys or v. are
~ 0. All T; of interest, except for 77 and Ti¢ have at least one u factor and
one v factor, so those contributions are suppressed for |¢’| > A. Both T and
Tye are already suppressed by O(N) so those terms can be ignored. For the
other T;, the u, v suppression (except for |¢/| < A) reduces the multiplicative
factor by %.

We also need to estimate FE,. This requires a bit more analysis. What
interests us here, are states where M is a significant fraction of N. So let’s
say for example, that M = %N . Since two quasiparticles (they are fermions)
can’t occupy the same state, the most energeticﬂ quasiparticle must have
'] > ¢. This follows from the fact that near the Fermi energy e, the density
(which takes into account momentum-degeneracy) is approximately constant.
Soif M = %/, that means half of the states in the Debye window are occupied,
so the most energetic quasiparticle has to have |¢/| more than half the Debye
energy (relative to er). For simplicity, assume that all quasiparticles have
€| less than w/2. Then we can use the density of states g(er) to estimate
the number of quasiparticles at any |¢/| below w/2. Each quasiparticle has
energy Eo = Ve? + A% Recall that A < w so most of the |¢'| values are
much greater than A. For those, we can estimate E. ~ |¢/|. For |¢/| values

97m misusing the word energetic or, for that matter the term € in this paragraph.
Since ¢’ = ¢ — e, the value of € can be positive or negative. When I speak of ¢’ I really
mean |¢/| and when I say energetic, I really mean the value of ||
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< A, we can estimate F, ~ A. We can crudely estimate the total energy
of [n(®) — with all these assumptions — as FE, ~ g(er) <2A2 - 2f2 ede) -

N 2 w2\ o~ Nw

Now, in the mixed-spin Cooper-pair case, if we ignore the suppression factors

coming from the u, v terms, the relative correction — namely, the ratio of the
. . . 2772 2 2
perturbative correction to the energy of [n(?)) — is 852 — SR — S/J\\//\Q” :

. . . 2
When we include the u,v suppression factors, we obtain A4- 8. where
’ ’ Nzl

[|€']] denotes the average (over the M quasiparticles) of |¢/|. If we take as
an example, M = 3 and [|€'|]] = %, then the total relative correction would
be =~ 4A;. In physical systems we can pick (as an example) A ~ 0.2 and
% ~ .02. So we see for the mixed-spin Cooper state, the first order relative
correction is of order of 2%. Other states that we have examined would
have even smaller corrections. Could we look at situations with larger values
of M? Maybe so, but we would be probing regions of energy-space where
Cooper-pairs become unstable, so that the BCS approximation might be a

poor starting point.

3.4.7 The residual potential — second order changes to eigenvalues

We now examine the second-order shifts:

0)‘VN0|R(O)>‘

-y el (1)

m#n m

We will avail ourselves of the following theorem.

Define b0, = b,, and b}, = bl_. Then define P = (BC’S|bTm b2, bk,
where 1 =1 or ¢ = 0. If n is odd, then P = 0. If n is even, then
exactly § of the indices k& have the value 0 and other half have
the Value 1. More precisely, half of the ladder operators are anni-
hilation operators and the other half are their adjoints (creation

operators). Otherwise, P = 0.

To prove that theorem, it is easiest to use induction. Assume the theorem is
true if there are M annihilation operators and N creation operators, where
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N > M. Then anticommute each annihilation operator all the way to the
right, at which point it annihilates |BC'S). Either the annihilation operator,
on its journey to the right, doesn’t encounter it’s adjoint (i.e., the corre-
sponding creation operator) in which case P = 0 or it encounters its adjoint
at least once. Then anticommute so that asy,\ai’/\ = —aj[,,Aasy,\ + 1. The first
term on the right has the annihilation operator to the right of the creation
operator so as before, it continues its journey to the right. The second term,
which is a c-number (namely, the value 1) has eliminated one annihilation
operator and one creation operator which is its adjoint, so that the overall
product now has N — 1 creation operators and M — 1 annihilation opera-
tors. By induction this gives P = 0. So the theorem is proven by induction
provided that it can be proven for the case N = M + 1. We can prove
that in a similar way with induction on M. The case M = 0 has a single
creation operator, and that annihilates (BC'S| so again P = 0. Finally, we
need to consider the possibility that M > N. The proof is identical except
that creation operators are moved to the left. Finally it remains to show
that when there an equal number of creation and annihilation operators, the
expectation value is 0 unless every creation operator corresponds to an anni-
hilation operator which is its adjoint. A similar induction argument can be

used. QED.

Now examine some examples.

e We'll first look at the ground state, |n(®) = |BCS). It turns out that
the T, and Ti3 terms make contributions to tlh/e second-order pertur-
bation. In fact, Eéz) — _ka‘pk’p’ (BCS|T13(k 7p)|;f;7%§m|T4(k,P)|BCS>. For
(m| to match T}, we must have (m| = (BCS|b_k} bkt b_p byr. Then
Ti3 matches |m) and that fixes k£’ and p’. By including the coherence

factors of T3 and T}y, we end up with Eés) = —r" ka upvzgkquk:f) =

— kAN S m We can estimate this with an integrated form

of the sum, and rewriting x? = g(?F)’ as Egi) ~ —A2A1 fo dejde!

PW
Each of the integrals (over ¢, and ¢,) can be roughly split into 2 parts:

fOA and fz so altogether our double integral has 4 parts (both less than

A, both larger than A etc.). For €, < A, we have Ej, ~ A. For ¢, > A

we have Ej, ~ €. We could then come up with an approximate value

for the double-integral. I've done that using MAXIMA and obtain a
result E!gz) ~ —0.9A%A.

Is that a small perturbation? The question is more or less meaningless
since we're comparing a nonzero value to zero. In point of fact, we need
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to examine more carefully the role of the ground state. By definition,
the ground state should have 0 energy. So if the residual potential shifts
the ground state energy from zero, then we must redefine the energy
(call it 'renormalization’ if you want a fancy term — but in classical
physics we would just refer to this step as “adding an arbitrary constant
to the energy”). What matters are energy-differences. For example, we
might care what the value of the mass gap is. As we go forward and
explore second-order perturbations of the other quasiparticle energy
eigenvalues, we will need to compare those to the ground state energy.
In practice, that will mean we need to “renormalize” those second-order
contributions by adding ~ 0.9A2A.

Suppose |n(?) is a state with one quasiparticle, e.g. [n(®) = b:[HBC’S).
Consider the term T} = —/ﬁ%ﬁltib%bimb,k 1brr. This has two creation
operators and two annihilation operators. The state [n(?)) involves one
creation operator. So any state (m(®)| which contributes to the sum
in Eq. must involve exactly one annihilation operator so that
the inner product has 3 creation and 3 annihilation operators. The
creation operator blT (applied to the BCS ground state) for [n(®)) must
be paired with an annihilation operator from 7} (it can’t be paired with
the annihilation operator from (m(®| because in Eq. , (mO)] £
(n©]. The only candidate with spin up, is by. Therefore we must set
k = r. So this transforms |n(?)) to |[BCS). Now we have a remaining
annihilation operator on the right of 7} and this annihilates |BC'S),
resulting in a 0 contribution.

Continuing with this example where [n(®) = bIHBCS), consider the

term T o b;TbT_mbT_mb—m- We see that this term has 3 creation op-
erators and 1 annihilation operator. The annihilation operator has to
pair with the creation operator bIT (applied to the BCS ground state)
for [n(®) but that’s not possible because the T, annihilation operator
is spin down. So 75 has no contribution. On the other hand, the term
T3 doesn’t have this problem because the one annihilation operator has
spin up. So let’s look at T3 o szaTbimbLTka' By pairing the annihila-
tion operator, we have (as in the above paragraph) k = r. We now
have 3 remaining unpaired creation operators in 73 so they must pair
with 3 annihilation operators for (m(?)|. Since one of the creation op-
erators is bLT, then one of the annihilation operators for (m(®| must
be byt (acting on (BCS|). What about the remaining creation oper-
ators for <m(0)]. These aren’t yet determined. However, they have to
match the remaining creation operators of T3, so all in all, we have
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(mO] = (BCS|bpb_pbry. For every value — with the exception of
p = r, which leads to 0 because byb,y = 0 — of the summand p in
Eq. , there is a state (m(?)| so that (m(©)|T3n®) # 0. We're not
quite done. Remember that in Eq. (15), the term (m©|T3n©®) # 0 is
multiplied by (n(®|Vyo|m®). Expanding the states, we see we need a
monomial 7" for which (BCS|b,Tbl.b' bl |BCS) # 0. This requires

—pr
that 7' is some permutation of bITbmb—mbm. If we write Viyo which
appears in (n®|Vyo|m(®), as a sum over p/, k’, we find that the values
p" and k" are completely determined by p and 7, so the sum collapses to
a finite number of terms (often just one term). After some amount of
inspection, it can be seen that both 75 and T}5 give non-zero contribu-
tions (note that the defining sums over p’, k" collapse to a single term).

In summary, we’ve shown a non-zero contribution from the combination
(n ()| T54+T15m @) (m () |T3|n )
By -EY)

) , which appears as a summand in Eq. .

Let us estimate the contribution of this term.

— The denominator D = |E7(ZO)—E,(,?)| isD = |{/A? +€g_<\/A2 +e+2,/A? +612)> | =
2\/A% + e > 2A.

— We have a sum over p. This sum has O(N) terms. In fact, since
Ts and Ti5 both involve the coefficient v, and T3 involves the
coefficient w,, the sum over p effectively cuts off at |€ | ~ A, and
the number of terms is ~ N'£.

— Furthermore, since each T; has a coefficient x?, then each nu-
merator gwhich involves products of two T;’s) has a coefficient
4  4N%w
R~ N
— Estimate the remaining u and v coefficients as approximately 1.
nO|T5+T15|mO) (mO)|T3|n @)
By -EY) N

— Then multiplying everything together we obtain <
Aw\ 1
O (T) ~ O (x)-

If we then take the ratio of this correction to the original
energy of [n(¥)), we get O (A’{+-) =~ O (57). As before, the denom-
inator A is huge so the relative correction is approximately 0.
So far, we've only looked at (m®|T;|n(®)) where i = 1,2,3. However,
our methods apply to the remaining 7;’s except for T which we’ll deal
with separately in a moment. For the other 7;’s, the following holds:

— One of the annihilation operators in 7; must pair with biT (remem-
ber that |n(?)) = b:[HBC’S). Therefore, either k or p must be set
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to r. That leaves only a single sum rather than a double sum.
Without loss of generality, assume we're left with a sum over k.

— The state (m®)| must then contain a quasiparticle in the k-sector.
Therefore in (n(®| > 2w L0 E)m©), we either have (p' =
r k' = k) or (p/ = k, k" = r). There is no remaining double sum
over p', k.

— Altogether, the last two items show that we have (at most) a sum
over N terms.

— When we compute Eﬁo) — Eﬁg), we’ll obtain a value > 2A for pre-

cisely the reason that we did above (recall that one of the quasi-
particles in |m®)) must be in the p sector so its energy precisely
cancels the energy of |n°).

— There is an overall factor of k*.

— Although there might also be a suppression from u and v coef-
ficients, I haven’t bothered analyzing that because it makes no
difference to the order of magnitude of the relative correction.

— Similar to above (but without the uv suppression), the relative

correction is O <A22—22/%/> ~ O (3). Again negligible.

What about 7,7 This we deal with more or less the way we dealt with
the ground-state. None of the operators are annihilation operators,
so none of them match up to bl. Instead, we end up with 5 creation
operators including bf. Then (m°| = (BC’S|Z)T_,€i bT_m b_ky b_p brs. Just
as for the ground state, we then need to match (n®|Tyo(p'k")|m©) with
(m©] and the result is just as we had for the ground state except that
the double sum needs to exclude k = r and p = r, since in both cases
we would have the SC{Izl)al"e of a creation operator which would give 0.
Once we calculate Ej’ by adding xk*A* kam ~ 0.9A%A,
we end up with a contribution from the 5-quasiparticle intermediate
states of 2k*A* Y m We can evaluate this with the usual

integration approximation, but now we’ve had some experience with
this kind of thing, we need only note the following. The conversion
from sum to (single) integral leads to a density factor of g(er). This is
multiplied by one of the factors of k2 to give A. The integral is bounded
by w so the result of integration is ultimately bounded by w (in point
of fact it will turn out to be O(A))). But more importantly, there is
a factor of £ left over which is O(%;). Thus the contribution ends up
being O(J%/) which as usual is negligible.
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e In the above example where we were perturbing a single quasi-particle
state, we saw that the double sum was reduced to a single sum, leading
to a factor of M. This canceled /%/ coming from one of the x? coeffi-
cients. However, we are left with a remaining x? coefficient which is
proportional to ﬁ That ultimately led to an overall relative correction
of O(57)- Is this suppression by O(N) a feature of the energy-correction
to all states [n(?)) and not just the single-quasiparticle states? In the
next example I'll look at a state with a correction of O (%) This is
still negligible, but not as negligible as (’)(/%/)

We'll take [n(0) = bITbT_MBCS). This is a state with two opposite spin
quasiparticles and zero total momentum. Following the same kind of
logic used in the first example, we first look for T; with two annihilation

operators to pair off with the creation operators biw bT_T .- Moreover,

since we'll also be evaluating (n(O|T; = (BCS|b_, b,4T;, then T; also
needs to have two creation operators to pair off with the annihilation

operators b_,, b,y. These conditions strongly constrain the options for
T;.

In fact, the only two viable options are T} and Tig. It might seem as
though T§ and T}, would also be options but to see that this isn’t the
case, consider T o< bLTbT_k 1bprb—gy. In order for the two annihilation
operators to pair with the creation operators associated with |[n(®)),
both p and k would have to be equal r (or —r). But then, for (m(®| to
‘match’ T, it would also have to be a state with the same quasiparticles
as [n(?). However, such a state is excluded from the sum in Eq. (15).

So let’s focus on T} and Tg. It’s straightforward to see that the corre-
sponding terms for (n(9|T;|m®) are also T} and Tjs. Moreover, for all
4 combinations, the denominator is EY — B9 All the inner products
are equal, so we end up with

4r? 2

(2) — R 2.2

E'?Y = Z 0 _ 50 (uruk + vrvk) (16)
k#r r o — Ly

We’ve simplified notation so that energies E,go) are the energies for two
quasiparticles, each with momentum k£ or —k and with opposite spin.
Only the magnitude of k matters, so we have E,io) =2/ + A2

To calculate this, we have from Appendix [A] that on average, adjacent

‘bare’ energy levels €, and ¢, are separated by an energy ¢’ = 5%2;: =
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1
12872epm*3w?) 6 : i |
( . )° v2er fo Next we approximate our sum over intermediate
Ng \/77?

states €, by a pair of integralﬂ (we need two integrals so that we can
cut out the case where €. = ¢})

e.—d w
Z — g(eF)/ de +g(ep)/ de'.
el | ep| < v e to’

We can proceed to estimate the sum in Eq. . As a simplification
for estimating orders of magnitude, set u2u? + v2v? ~ L. Recall E\” =

10We have to be careful, because many states of differing momenta can share each energy
level. There are several ways to deal with this degeneracy. I haven’t delved into how to
reconcile my approach below with the formal treatment of second order perturbation
theory as done when there are degenerate energy levels. I believe my approach is correct
but that should be verified. Formally one needs to find certain subspaces spanned by Hy
eigenvectors for both €, and ¢} and then do perturbation theory within each subspace. I
think another approach has to do with the volume of degeneracy compared to the volume
of the full space. Think of concentric 2D spherical shells in momentum space where each
shell has the same energy (sum of squares of the momenta). Then if we approximate our
sums by integrals, we could go to spherical coordinates and the energy €' (p) is € (|p|).

We avoid degeneracy by restricting €, and €, to be points at the same angle within
the sphere — then integrating over the angles. This leads to an integration parameter of
4mp?dp. Provided that the momenta all lie within the Debye band, the value of 47p2dp
is approximately constant within the Debye band, and can be absorbed into g(e). In
summary, when we say €, # ¢, we assume that all degeneracies have been removed so
that there is only one example of each € .

1 This technique — when 6’ — 0 — is known as ‘the Cauchy principal value’ and denoted

P.
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2 6;2 4+ A2 so our sum becomes

S
k;,,gTQ( €2+ A% — ef—i—AQ)

e —8 4
, K
~ g(er) / de +
2 (Wg TAT T A2>

( )/w q . /14
gl€eF €
g+ 2 <\/e;? + A2 — /2 + A2>

4

R JETR o) (VE TR )
a3 (7 e (Varorisq)
(w+ Vw? + A?) <\/(e;—6)2+A2+e;—5’>
log )
(—w+ Vw2 + A2) (\/(e; +0)2+ A2+ + 5/)

(17)

Let’s explore the shift for four cases:

1. Start with a state of energy e, = %. Note that A < w and ¢’ < A
so Taylor expand accordingly. Then

4 2
@ o ofen™ (VA W\ L Aw( D w
EY ~ g(er) 5 <\/5w +210g(2A)> N (\/gw + 2log(2—)

g

2. Next consider a state with e, = %.

4 /
2 3\ -4+ V17
Aw
~ 47—
N
1
N

3. Now consider the lowest-energy excitation with €. = ¢’. Then,
noting that A > ¢’ and doing Taylor expansions where appropri-
ate,

= O

A 2w
Er(?) ~ g(EF)Ii4 <; + log K) .
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Again a correction of O(3).

4. Finally, notice that the largest (smallest) possible value of € is
€, = +(w — &), since the denominator of the integrand is forbid-
den (by definition) from being 0. Let us consider the state with
e =w-—=7¢). E?) has a term proportional to log(0") o log N so
multiplying by the factor of {; coming from the factor g(ep)x* we
obtain E,(LQ) =0 (%/) This is still an extremely small correc-
tion. We won’t examine this situation in any further detail because
the Debye limits are only approximate and must be treated care-
fully using physics beyond what we have been considering here.

It would have been nice if all of this had been the full story on the
perturbation of two-quasiparticle states. However, as we saw for both
the ground state and one-particle states, we still need to consider in-
termediate states that pair off with T} that don’t fully pair off with the
creation operators in the definition of |n(?)). Specifically, we want to
consider first the T; with only one annihilation operator that pairs off
with one of the two-quasiparticle creation operators for ]n(0)>, and next
the 7; with no annihilation operators (similar to what we did with the
ground state, for example).

The T;’s with only one annihilation operator are Ty, T3, Ty and Ti,.
Consider Ty = —u?u/v' bLT b Kl bip 1 b—p;- The annihilation operator will
pair off with bT_T |» leaving 4 creation operators, bLT bT_k . bT_T . bIT. Those
match against the intermediate state (m(0)|bm b bk bir. Then, in
order to match |m(®), we'll take Ty in (n(?|Ty|m©|. The result will be
a single sum over k and an overall factor of k*. As discussed previously,
that will lead to an overall suppression of O (j%/) A similar result is
obtained with the combination of T3 and 75 as well as the other cases
involving Ty and Ts.

With T;’s with no annihilation operators, the situation is almost iden-
tical to what we encountered when looking at those terms for the per-
turbations of single-quasiparticle states. Namely, we end up with the
same sum as we did for the ground state except that we need to exclude
the terms in the sum that match the momenta r. As before, we end up
with a contribution suppressed by O (/%/)

Our last example, will be one where the unperturbed state [n(%)) con-
sists of M quasiparticles with spin up, and M with opposite spin and
opposite (i.e., the negative) momenta. Start the analysis by examin-
ing (M@ |Ty|n®). Let p match one of the spin-up quasiparticles, say
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(r 1). That is, the Ti-factor b_, b,s, pairs off with the factor bT_mb;T
in the specification of [n(?)). The remaining creation operators in the
specification of [n(?)) must match annihilation operators in the spec-
ification of (m(?|. There is one such pairing for each k except when
k = p. That pair is excluded because then |n(?) = |m©®). The p-
pairing can be with any one of the M quasiparticles in |n(?)), so in
total there are MA terms (as usual, the factor (n(®)|T;|m(|) is fully
determined by matching). Proceeding, we see that the analysis will
be exactly the same as what we did in the previous example, except
that the p terms can match any one of the M momenta in |n(®). The
correction EY becomes the sum over e, of Eq. , where €. are the
momenta of the quasiparticles in |n(?)). In the previous example, we
considered four cases for €. In the present example, each of the quasi-
particle momenta could be in any one of those four cases (of course,
they could be anything else but I just want to look at the analogue
of the previous example). In the previous example, for the first two
cases, €, > £ and EY ~ oﬂ%’ for some constant @ = O(1). In the
present example, this number would be multiplied by M. Let’s take
M = %/ (so, including both spins, we have a total of %/ quasiparti-
cles). Then E? for case 1 (if all quasiparticle energies were similar),
would be AfT“’ (V52 + 2log(24)). For case 2 (if all quasiparticle ener-
gies were similar), EP ~ 2.3A%w. Before continuing to cases 3 and 4,
notice that the relative correction requires that we divide by E](\(,]). Each
quasi-particle has an energy > A and there are M = %/ quasiparticles,
so for both cases 1 and 2, the relative energies are O (J%/) What about
case 37 In the previous example, we looked at €/ = §’. However, since
all quasiparticles must have different energies, and since there are %f
quasiparticles, most energies will be far greater than ¢’. Even if all en-
ergies were ', the relative energy-correction would be O (J%/) as before.
Similarly for case 4, most energies would be far less than the Debye
energy. However, if all energies were approximately the Debye energy,
then the relative correction (taking into account an overall ground-state

correction of of k1A kp m) would be O (loi/N)'
P/ = p~k

What about contributions to (m(®|T;|n(®) from T; with only one or no

annihilation operators? The analysis is similar to what we did for the

two-particle case and the perturbation is suppressed by O (%)

In all of these examples, the second-order correction is negligible.

46



3.4.8 The g-dependent potential — notation change

We turn to the term in the Hamiltonian Vj =

1 / T / @ .
-3 ik Clitg)osChosCoos where Y means “exclude momenta combi-

01=0302=04
nations already included in Hop”. An alternate summation convention is

obtained by the following substitutions of the summation indices: p — (¢ +
. !/
k); k — (—q—FK'); ¢ = ¢, which leads to Vi = —%52 Y kkg czglcT_k,@c(,k/,q)ggc(Hq)m

01=0302=04
(where we have made the substitution discussed earlier of V, = x? and also

reversed the order — with a sign change — of the the last two terms in the
monomial). With this new convention, our notation follows that of Fetter
and Walecka so that we can more easily refer to their derivations.

3.4.9 The g-dependent potential — Wick expansion

In the following sections, we will treat the quartic and quadratic normal-
ordered contributions separately. To make this clear, I’ll define operators O
to be the quadratic part of O, i.e. O minus the quartic-normal-ordered part.

Recall the Wick-expanded g-independent Hamiltonian Hqp

Hep = Z <ep — K’ (cipgc_p(,)(;p) el yCpo — K Z[ CLTCJLMC_NCPT op
po pk

P . IR I
+ {Gcli)ep  CopiCpt iop + 1 Cpclyy iop (Coptpr)op

+ {chpcl ) erlcpenmer + (chyemder(cl e p)or]

and also recall that Ho =3 €,

where Hop = H 4 K2 Dok CJIE:TCT_]C 1C—plCpt :cp- For the g-dependent Hamilto-

: 7 _ 1,2 Tt ;
nian, define Vo = —56% 311001000504 Chon Co ks C(—k —a)os Clk+a)os + Voo (i-e.

the full g-dependent potential minus the normal-ordered quartic part). The
term Vi — V' is the perturbation, due to the quadratic-part of the potential,
to HC P

cjwcp(,. Define V = HCP—HO—ZW /{2<cipgc_pg>cpc;00pa
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Expand V in terms of b-operators.

V= D1 (2 = 02) (202) + 20 8) (8 + 01,001
P
— (upvy(K*02) (u — v2)) (b—pJ,pr +0b TbT—pi)] + c-numbers

When looking at quadratic terms, it will be more convenient for us to work
with VQ and then subtract V', rather than worrying about which summation
indices to exclude if we directly worked with V. Another advantage of
working with VQ is that Fetter and Walecka have done the work for us. They
obtain

¥ 2 2 2
Vo=—k Z[(Sq,ovk : Cikgc—kw :BCs F0q,00) C,ZTCM ‘BCS +
kk'q

Ok k' Uk Uk * C(—k—q) L Ck+q)t ‘BCS TOkk/ Uk4qUkq * CLTCT_M :Bcs +

2.9
0q.0V V) + 5k7k/ukvkuk+qvk+q} )

Next, expand the ¢ operators in terms of the b operators. Again, this is done
by Fetter and Walecka[?]

VQ = —/12 Z [ukvkuk/vk: + U%Uz/ + (b};Tka + bJr_kib,]Q) ((Uz — U,%) U,%/ — 2ukvkuk/vk/)
kK’
(b b —kl +b_ ki,ka> (( 2 ’U]%,) U Vg + Zukvkv,%/)}
= Z[ (= (up — vp) @ + 2uv,A) <prbPT + bT—mb—pi)

p
((u - ) A + 2u,v,0) <b,p¢bp¢ + szvaT—m)} + c-numbers
where o = k2 Y, V2.
Finally, the perturbative correction 5‘~/Q is
Vo = VoV Za u—v)(bTb +b b )—|—2uv (b, bpy + b1 b )}
VT —plY—pl pYp plYpt TV —pl

(18)
where a(P) = x? D hp Ui

12Fetter and Walecka are much more careful about the Debye limits than I have been.
In particular, they impose the limits implicitly by including in the Hamiltonian, factors
that we’ve ignored — for example ((k)(—k")|V|(k+q)(—k' —q)). The suppression of Cooper
pairs beyond the Debye limit, then arises from the inner products of V, which allows us
to change > 1 Ok (K(—=K)V|(k + @) (k" — @))Lr4q t0 D2 1 ((B)(=k) V| (K) (—K")) Ly,
where Z/ 4 represents a portion of the integrand.
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3.4.10 The g-dependent quadratic term — exact solution

Lancaster showed us how to write the b ladder operators in terms of other
ladder operators b so that the resulting Hamiltonian H, is in canonical form

=2 e E,b} byt c-numbers. Fetter and Walecka do the calculation and
obtain

By = /(e — ) + A? (19)
where
1 € o
Uy = ——, |1+ -2
SRYS) E,
1
B, = — 1_6p_a

T -
A=k E Upp
p

The definition of A is a bit deceiving because as explained earlielr, the self-
consistency equation leads to the equation % = sinh~' w/A, which is precisely

the same equation as for A. So A = A.

Notice that for this exact solution, the ground state differs from the ground
state, |BC'S) of Hop. As usual, the energy of the ground state is 0 and
all c-number contributions are ignored since they change every state by the
same amount.

3.4.11 The ¢-dependent quadratic terms — first order corrections

We'll start by applying first-order perturbation theory to 5VQ defined in Eq.
(18).
o Take [n(®) = [BCS) Then ES = (BCS|§Vp|BCS) = 0.

e Next take the one-quasiparticle state, [n(*)) = bf,|BC'S). Then EY =
(BCS|6Vo|BCS) = —a (u? — v?) = —a & where to first order in

E;
K2, € ~e.
e Finally consider an M-quasiparticle state, [n(®) = [T, bf o |BC'S).
In that case, E\) = (BCS|6Vo|BCS) = =M aM(u2 — 0?) =
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M (r) €r

Compare the perturbative results to the results we obtain by expanding the
exact quadratic solution.

e The vacuum state has 0 energy to first order.

e The one-particle state has energy E, = /(e — a)? + A? (we've used
the fact that A = A). We expand in x? to obtain

_ a(r)er a('r> 2
B =l i a1 2ol g (12 a0). T

agrees with what we obtained in first-order perturbation theory.

e Since the M-quasiparticle state has an energy which is the sum of the
energies of the individual quasi-particle states, the expansion in k% is

> Er (1 — o ) again what we obtained in first-order perturbation
theory.

3.4.12 The ¢-dependent quadratic terms — second order correc-
tions

Now we’ll apply second-order perturbation theory to d ‘N/Q defined in Eq. 1}

e Take [n(©) = |BCS). Then EY) = =% BCS\éVQ|m<0>>(<OT<°>|6VQ\BCS>

The only contributions to (m(®?|6Vg|BCS) come from the terms in
0V proportional to bLTbip - They match up with the two-quasiparticle
states (which have energy 2E,) (m®| = (BCS|byb_,, and therefore

2,2((p))?
with (BC'S|b_, bpr|m ). Altogether this gives EBCS =—4> #

p

As discussed in Section [B.4.7, the ground state has been shifted, so
in order to reset energies relative to a ground state with energy 0, we

. ugvg(a(i”))2
will need to add dE, = 42;0 ——%p, to the second-order perturbed
energy of every state.
There is one apparent glitch in this analysis. Remember that all of
our energies €,, prior to adjustments (such as what we have with €),

include a subtraction of the the Fermi energy er (or equivalently, the
chemical potential ). To make this clear, write ¢ = €0 — ep. Then

50



with this definition, we see that € # € and in particular, ¢ has different
integration boundaries than e. Strictly speaking, it might seem that
we should be integrating the unaltered energy from —w to w. But we
will, in what follows integrate the adjusted energy from —w to +w. The
reason this turns out to be correct, is that the ground state adjustments
are made to the entire Hamiltonian, and not just to the part of the
Hamiltonian involving the Cooper interaction term. Because of that,
the Fermi energy is also adjusted by the same amount that the BCS
ground state is adjusted.

e Next take the one-quasiparticle state, [n(¥) = biABCﬁ. EY =
13 ¢

n[6Va |m @Y (m®|§V |n(® o
zm< | Q\E£O)>5E£2)\ @In'%) m(0)|6VQ|BCS)

come from the terms in 5‘7Q proportional to bT bT |- Together with the

. Again, the only contributions

creation operator for |n(?)), we have three creatlon operators bT bl . ibJr

so those match the state (m©| = (BCS|b.bprb_p,. Notlce — and
this is critically important — that one term is missing from the sum
over p. For example, if ¢ =7, then the term with p = r is miss-

ing since that term is bITbL ¢bla = 0 (the square of a ladder opera-
tor is 0 because of the Pauli exclusion principle). Also, the energy
denominator for p is EY — ZEI()O) ~ EY = —ZEI(,O). When we add
everything up, we get the same result as for the previous example
with [n(©)) = |BCS) except that the sum is missing the term p = 7.

U (oc( >) u%v?(a(r))2 .
That is, ES 42 o AT The adjusted energy-
P T

usLvs a(m)
perturbation (after adding dE,) is Eg) = E® 4+ 4E, = %

To estimate this value, notice that (once we substitute an integral for
the sum) o o k2g(ep) [¥ dkv} ~ Aw. So (al )2 ~ A?w?. Since
2,2 _ __A? (2) o A%?A?
usv: = ( (0))2, we end up with Ej 20
lematic result!! For low-energy quasiparticles (e.g. €. < A),
with typical experimental values for A, A and w, the relative

This is a prob-

6)
perturbation % ~ /;A“Q has a value of = 50.
e Finally consider an M-quasiparticle state, [n(¥) = ny Ol |BCS).

Following virtually the identical steps to the previous example, we ar-

131t would appear that there should be contributions from terms in §V proportional to
bLpr 1. However, the only states |m(?) that could contribute in that case, would be the

states [m(©)) = |[n(9))
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w2v2(a)?
rive at Eg) = E® +§E, = 4Z£1TT2(T> Just as in the 1-

quasiparticle case, the relative perturbation — for small ener-
gies — is very large.

Now we can expand the exact quadratic solution through order 2. Let’s do

72a<r>er+(am)2
(er—r202)P+A2
(am)Q (a<r>)2€g
262 267
E, + (04(7"))2 EQTT_;’% ~ F,.+ (04(7"))2 % where the last equality ignores a term
of higher order in x2. The total energy for the M particles is obtained by
summing over the values of r for those M particles. The result agrees with
our perturbative result. HOWEVER, what we just did was a formal
Taylor expansion. For some energy values, the perturbative” term

is, as we’ve seen above, is large, and the series will not converge.

it for each quasiparticle. Recall that F, = E, \/ 1+ . A formal

~

Taylor expansion in 2 of the squareroot leads to F, ~ E,+

What our analysis appears to show, is that in a formal perturbative expan-
sion, the exact result agrees — at least through second order — with standard
perturbation theory. But what the analysis also shows, is that standard per-
turbation theory would not be applicable and without an exact solution, we
wouldn’t arrive at a physically applicable result. Fortunately, we can use the
exact solution, at least for the quadratic terms. What remains to be seen is
the size of perturbative contributions for the residual potential.

3.4.13 The ¢-dependent residual potential — expansion in terms
of b operators

T he normal—ordered quartic potential Voyo = K2 Zp gk czp_ q)TCIk +q)lCpChL “BCS
is expressed using the ¢ operators and can therefore be expanded as a sum
of quartic terms using the b operators.

An alternate summation convention is obtained by the following substitutions
of the summation indices: p — (¢+ k); £ — (—q¢ — p); ¢ — ¢, which leads to

_ 2 Tt
Vono = —kK Z CprCp C(—p—q) L C(k+q)t
pgk

(where we have reversed the order — with a sign change — of the the last
two terms in the monomial). With this new convention, our notation follows
that of Fetter and Walecka (allowing for easier comparisons later). Simplify
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notation by the following assignments.

a = ka, b= b,ki, C = pr, d= b*Pi’
e = bpiqt, J=b_pql g = brtqt, h=b_jq,,

Also introduce u;, v; in the expansions

CLT = wya’ + vib, cim = usd! — vye,

Clp-q = Usf — V3T, Clrqyr = uag +vahl,

with
Uy = ug, V1 = Vg,
Uy = Up, Vg = Up,
Uz = ’LLp+q, V3 = Up—i-qa

Uy = Uk+q) V4 = Uk4q,

The expanded and normal-ordered result is

16
Vono = —K* Z T;
i—1

with the T; given below.
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would write Vo
suppress the p, k, ¢ arguments of T;.

Ty = wuruzugtg by b’ by gy Drigr,

Ty = — U UgUzVy bLT bim bikﬂw b_p_qi,
T3 = — wrusvgug b, b b Dgr,
Ty = — U UaV3Vy b,TCT bim bLJqu biqui,
Ts = — wvaustiy by byt bopqy Diigts
Te = — UVU3V4 b,TCT bikﬂm byt b_p_q1,
T7 = — uv9v3Uy bLT b;mﬁ byt bisgts

Ty = + uqvaU3V4 bLT b;m biqui bpt,

Ty = — vyugugug b ) by by gy biigr,
Tio = — V1UU3Vy bim biquib_m b_p_gl,
T11 = + viugvsy bT_m bLJqu b_iy Oryqr,
T2 = — v1UV3Vy bim bLJqu btk,qi b_ky,
T3 = —v1vauguy bk byr by | biyqr,
Thy = +v102u304 bT_k_N bk bpt b—p—qy,
Ti5 = + v10203Uy b;m b_ky bpt brtqt,

T = + V1020304 b;+q’f bT—k—qJ, b—ky bpy-

(20)

As in Section we could show that dependence as T;(p, k, q) so that we

= —x? > ok Z;ilTi(p, k,q). In what follows, we usually

o4

3.4.14 The ¢-dependent residual potential — first order corrections

This section is partly a cut-and-paste from section We'll start with the

first-order correction to energy eigenvalues. Each state |n(?)) is of the form
[T bzi|0> ses o pos(0| [, bk, for some collection (k;). The annihilation



operators (in terms of the b ladder operators) of Vgyno operate on the right
and the creation operators act on the left.

First consider an excited state consisting of exactly one quasiparticle, e.g.
biT|B C'S). The first-order energy correction is (BC'S|b+Vg NOb:[HB CS). The
only possible non-zero contributions would require a monomial in Vyno which
includes bIT and b,4. These would be required in order to pair off with the
excited quasiparticle for both the ‘bra’ and ‘ket’. There remain two unpaired
operators in that monomial (since the monomial is a quartic) and because
they are normal-ordered, their |BC'S) expectation value is 0.

What about states with two quasiparticles? First consider a state of the form
bITbI,HBCS ), where both quasiparticles have the same spin. The only con-
tributing monomials of Vyo would be ones where all 4 operators have that
spin. Moreover, there would need to be two annihilation operators and two
creation operators. The only candidate is term Ty = — uyvov3uy bLszp ot bpt b(k+q)1-
By matching annihilation and creation operators, we see that p matches r or
r’, and k+q matches r’ or r. Furthermore k matches r or " and p+¢ matches
r" or r. All four combinations correspond to a unique solution for p, ¢, k in
terms of r, 7/, and also uy,vs, v3, us in terms of w,, v,, u, , v,,. Therefore the
triple-sum collapses to 4 individual summands, and if we arbitrarily set the
uvuv-coherence factors to be &~ 1 (they are less than 1) the expectation value
for this state, is —4k? ~ —SAT‘”. Moreover, to obtain the relative correction,
we must divide by the energy of the unperturbed quasi-particle state. Since
there are two quasiparticles, that energy > 2A. Taking the ratio, we find
that the relative correction is ~ ‘X‘—A“; =0 (/%,) This is negligibly
small. For opposite spin the only candidate is 77y which, in the same way,

leads to a relative correction of O(5;).

Now consider the case of states [n(”)) in which there are two quasiparti-
cles of opposite spin, bin:[/ JUBCS). (We will permit 7' = —r since the
analysis is independent of whether the total momentum is 0 or not). In
the triple-sum, we would require annihilation operators to pair with bIT

and bi, , as well as creation operators to pair with b, and b, . This can
happen in Vgyo with the terms T4, 75,111, Th6. Start by looking at 17 =
U U U3 Uy bLTbim b(—p—q)s O(ktq)r- By setting the pair-matches we have k +
g=1r,p+q = —1r, k =r p= —r'". These equations can be solved
uniquely by ¢ = 0, k = r, p = —r/. The triple sum collapses to a single
term and as usual, we obtain a relative correction of (’)(/%/) Next look at

Te = — ujvousty bLTbI—k—qu bpt b(—p—q)1- By setting pair-matches we have
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p=r,p+q=—r",k=r k+q= —r". These equations can be solved
uniquely by p = k =r, ¢ = —(r +1’). Again, a relative correction of (’)(%)
Similar results hold for 7T7; and Tis.

Notice that the above technique involves solving 4 equations in 3 unknowns.
In each case, any subset of 3 equations turned out to be independent and
could therefore be solved with exactly one value of p,k,q. Moreover, all
subsets of 3 equations had the same solutions. I believe it’s possible that all
subsets of equations could be solvable but that some solutions would differ
from the others. If that were to happen, then this would mean there was no
solution and therefore that the 7; contribution is 0. Since I'm only interested
here in whether perturbative contributions would be large, I am willing to
ignore any contributions that are 0. There therefore isn’t any reason (here)
for checking whether the equations are solvable. On the other hand, if the
determinant were 0 for each set of 3 equations, that would mean we could have
an undetermined variable. For example, it might turn out that a solution
can be found for any value of p. If so, there would be N (or more) summands
contributing to the first-order correction so this could lead to a cancellation
of the /%[ which has appeared in all of our results. What can be shown
is that for each T; there isn’t any situation with an undetermined
variable. That is, all sets of 3 equations have nonzero determinants.
(That result was obtained by explaining all this to ChatGPT and having it
do the calculations.)

We are now ready to tackle states with more than two quasiparticles. There
are several different kinds of situations. Since my objective is to estimate
the size of perturbations, I'll only consider a representative example and will
generalize from there.

Let [n©)) = bI1Tbj“2 ¢bi3¢bI4T|BCS>' All momenta are different from one an-
other, otherwise by the Pauli exclusion principle the result would be 0. Take
any T;. If we pair off an unequal number of creation and annihilation opera-
tors, our expectation value will be left with an unequal number of annihilation
and creation operators (since it began with an equal number prior to match-
ing — creation operators for the ‘ket” and their adjoints for the ‘bra’). But in
that case, the expectation value is 0. If we have an equal number of annihi-
lation and creation operators in 7T}, then we can choose to match the annihi-
lation operators with any pair (provided spins match) out of r1, 79,73, 74 and
we can match the creation operators with any pair — possibly different. How-
ever, if the two matching pairs are different, than the remaining unmatched
operators have different momenta, can anticommute and then annihilate the
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‘ket’ (i.e. (BCS|aBT|BCS) = —(BCS|fTa|BCS) =0 if a and S are annihi-
lation operators ). As a result, the T; operators pair off with at most 2 of the
quasiparticles in [n(?)), and the remaining operators pair off with each other.
As an example, take T} whose annihilation operators have opposite spin. For
In()) above, the possible pairs are (ry,73), (rs,r2) and (r4,75). If we took
T7 where both annihilation operators have spin up, the possible pairs are
(r1,73), (r1,74) and (r3,74). Consider (rq,73). one set of equations to solve is
p =1y, k+ g =r3. Those match the annihilation operators in 77 with the r;
and 73 quasiparticles in [n(?)). Then the creation operators in 75 must match
the r1 and r3 quasiparticles in <n(0)\. So, for example, k = ri,p+q = r3.
These equations have a single solution, but there are 4 different ways for
matching to occur. A similar situation occurs for 77, 7T, 111, Ti¢ although
only one matching can occur (because the spins distinguish the particles).
On the other hand, if we took T}, with all spins down, there are no candidate
pairs (so a contribution of 0). Putting all this together, and setting the u and
v values to 1, which is an upper bound, we find that the relative corrections

for those terms are ~ 24m = ﬁg‘: = O().

Now we can generalize. Let [n(?)) be a state with M quasiparticles of various
spins. The maximum amount of pairing if all spins were up, would occur
with 7%, in which case there would be a total of 4(1\24) =2M(M — 1) and
a relative correction of ~ 2x?M?2. With mixed spins, the maximum amount
of pairing (per T;) would be less. For example, assume half the spins are
different. The contributing terms of the potential are 11, Ty, T%, Tho, 111, T16-

For T, and T}, there are each = MTQ pairings. For the others, there are each
MT2 pairings. So the total correction is ~ 2x?M?2.

So far, we haven’t considered the u and v contributions. When € > A,
ue ~ 1 and v =~ 0 and when ¢ < —A, vo =~ 1 and us = 0. For large
values of M, the majority of quasiparticles have |¢/| > A so either u. or
ve are =~ 0. All T; of interest, except for 77 and Tig have at least one u
factor and one v factor, so those contributions are suppressed by = % for
|€'| > A. One of either T} (all u’s) or Tis (all v’s) is also suppressed (in

fact, by O <€A,—§>), so instead of 6 unsuppressed contributions from 7;, only

1 contribution remains. Specifically, including the suppression, the total
correction is ~ k?M? (1 + %)

We also need to estimate FE,. This requires a bit more analysis. What
interests us here, are states where M is a significant fraction of N'. So let’s
say for example, that M = %./\/' . Since two quasiparticles (they are fermions)
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can’t occupy the same state, the most energetidﬂ quasiparticle must have
'] > <. This follows from the fact that near the Fermi energy er, the density
(which takes into account momentum-degeneracy) is approximately constant.
Soif M = %/, that means half of the states in the Debye window are occupied,
so the most energetic quasiparticle has to have |¢/| more than half the Debye
energy (relative to e€r). For simplicity, assume that all quasiparticles have
€| less than w/2. Then we can use the density of states g(er) to estimate
the number of quasiparticles at any |¢/| below w/2. Each quasiparticle has
energy Eo = Ve? + A% Recall that A < w so most of the |¢'| values are
much greater than A. For those, we can estimate Es ~ |¢/|. For |¢/| values
< A, we can estimate F, ~ A. We can crudely estimate the total energy

of [n(®) — with all these assumptions — as FE, ~ g(er) <2A2 + 2]2 ede) =

N 2 w2\ o Nw
M

If, in our example where M = =7, we take the ratio of the suppressed cor-
rections tlo Athe unperturbed energy FE,, we obtain the relative correction
~ % ~ 4\ (% + %) As mentioned earlier, in physical systems we
can pick (as an example) A ~ 0.2 and % ~ .02. With those values we see
that the relative correction for this example, is ~ 0.4. Although this isn’t as
small as what we obtained for a first-order correction in the g-independent
approximation, it can still be regarded as a reasonable first order perturba-

tion.

3.4.15 The ¢-dependent residual potential — second order correc-
tions

We now examine the second-order shifts:

Vono|n©
Z‘ V] QNOE|(0) >| (21)

m#£n

We repeat here some results from Section and Appendix [A] that we will
use in what follows: First a theorem.

MI'm misusing the word energetic or, for that matter the term €' in this paragraph.
Since ¢’ = ¢ — ep, the value of € can be positive or negative. When I speak of €' I really
mean |¢'| and when I say energetic, I really mean the value of |€/|.
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Define 0%, = b,, and b}, = bf,,. Then define P = (BCS|bit, b2 . .bik  ..bi»  |BCS),
where i,, = 1 or 7, = 0. If n is odd, then P = 0. If n is even,
then exactly 7 of the indices k have the value 0 and other half
have the value 1. More precisely, half of the ladder operators
are annihilation operators and the other half are their adjoints

(creation operators). Otherwise, P = 0.

Some other results: Near the Fermi surface, we have a dispersion relation
¢ ~ LE(p — pp) where pp is the Fermi momentum /2m*ep, and m* is the

effective mass. From the dispersion relation, we see that bare energy levels
(¢) have a spacing of approximately 025 = § %TZF The average number of

states between energy-levels (i.e. between constant-energy hypersurfaces) is
2 .
47r§—§ ~ 47r§—§ = 8’”?—261”. The total number of states in the Debye window
is then N ~ 8(’;—3“\/26Fm*3. Recall that the density g(er) is about % From
*3
the expression we just derived for N/, we see that g(ep) ~ dmy2epm’ V?SZFm. Also,
(128#26Fm*3w2)%

N3

) =
Now examine some examples.

e We'll first look at the ground state, |n(®) = |BCS) and will follow
the approach described in Section As in that section, T and T3

terms (but from Eq. (20])) make contributions to the second-order per-

: (2 (BCS|Ti3 (K p',q")[m) (m|Ta(k,p,q)| BCS)
turbation. In fact, Egs' = — > 1 we 50 :

For (m| to match Ty, we must have (m®| = (BCS|b_j_y; bps gt b_p| bis-
Then Tj3 matches |m) and that fixes k' ,p’ and ¢’. By including the co-

. @ _ .4 (upvp) (k) (Up+qp+a) (Ut gV ta)
herence factors of Ti3 and Ty, we end up with Egs’ = —k* > kpg (But Byt Byt Ersa) =
L . Unlike what we did in Sec-

_KJ4A4 kaq (Ek+Ep+Ep+q+Ek+q)EpEkEp+qu+q

tion [3.4.7 T won’t make any attempt to evaluate this sum. As before,
we need to subtract this sum from all other eigen-energies so that they
are all “renormalized” so the ground state has an adjusted energy of 0.
However, it is worth noting that if we were to evaluate the triple sum,
we would find that it is proportional to A/ — a huge number. Since that
number is simply an overall constant in the theory, it doesn’t matter
that it is huge. What will matter is the difference between it, and
related terms in the eigen-energy perturbations.

e Suppose [n(?) is a state with one quasiparticle, e.g. [n(?)) = bIT|BC’S>.
Consider the term T = wujusuzuy bLTbim b_p—q) bktqr- This has two
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creation operators and two annihilation operators. The state |n(%)
involves one creation operator. So any state (m(®)| which contributes
to the sum in Eq. must involve exactly one annihilation operator
so that the inner product has 3 creation and 3 annihilation operators.
The creation operator biT (applied to the BCS ground state) for [n(®)
must be paired with an annihilation operator from 7} (it can’t be paired
with the annihilation operator from (m®| because in Eq. (13)), (m(®| #
(n9|. The only candidate with spin up, is bitqr. Therefore we must
set k+ ¢ = r. So this transforms [n(®)) to |BCS). Now we have a
remaining annihilation operator on the right of 77 and this annihilates
|BC'S), resulting in a 0 contribution.

Continuing with this example where [n(®)) = blﬂBCS), consider the

term 75 o bLTbT_mbT_k_ al b_p—_q,- We see that this term has 3 creation
operators and 1 annihilation operator. The annihilation operator has
to pair with the creation operator bIT (applied to the BCS ground state)
for [n(?) but that’s not possible because the T, annihilation operator
is spin down. So 75 has no contribution. On the other hand, the term
T3 doesn’t have this problem because the one annihilation operator has
spin up. So let’s look at T5 bLT bim b;quT bitq+- By pairing the anni-
hilation operator, we have k+q = r. We now have 3 remaining unpaired
creation operators in 75 which must pair with 3 annihilation operators
for (m©], so (mO] = (BCS|b,_41 b_p| bprqr. From this we see that for
every value — with the exception of p 4+ ¢ = k which leads to 0 because
bitbry = 0 — of the summands p and ¢ in Eq. , there is a state (m(©|
so that (m©)|T5|n(®) #£ 0. We're not quite done. Remember that in
Eq. (21), the term (m©|T3n®) is multiplied by (n(®|Vono|m®).
Expanding the states, we see we need a monomial T;(p',k’,q’) for

which (BCSIbyt (S, T 1, 0') ) b 0L, by [BCS) # 0. This
requires that for some values of (p/, k', ¢'), T;(p', k', ¢') is (up to a sign)
bIprJqub,p 1br—qr. Both Ty and T'5 are candidates for such a T;. Take T5
as an example. T5(p', k', ¢) = bL,T byt b_pr—g' | Uiy g+ Since only one of
the Ty operators is a creation operator, it must be b:T, so k' = r. Also,
since only one of the 75 operators has spin down, it must be b_, |, so
P+ ¢ = p. There are two remaining spin-up creation operators in Tj
and those must pair with the remaining creation operators in the defini-
tion of |m®). There are exactly two ways of doing that (each of which
gives a unique matching solution). In summary, we have seen that for a
fixed value of ¢, p, k there are two possible pairs of (¢/, p’) and one value
of k' so that (nO|T5(p, ¢, ') m @) (m©|T5(p, q, k)|n@) # 0. Likewise
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if we replace T5 by Ti5. If we ignore the u and v coherence factors,
the net contribution of T5(p’, ¢', k') is then 2x2. Moreover, if we replace
Ty by Ty (paired again with Ty or Tys), there is another factor of 2x2.
Those exhaust all possibilities for [n(®)). The next step in calculating
the perturbative correction to F,, is to sum over p and g. What follows

is an analysis similar, but more qualitative, to what was done in Sec-

nO|T5 (p k' ,q") [m ) (m () | T3 (p,k,q) [n )
By -E)

where T; are defined in Eq. and the variables ¢,p’, k', ¢, m©

are determined (as discussed above) — up to a finite number of con-
figurations — by p and ¢. One of the configurations for |m(®) has

D=FEY _EY —E, — B, + E, + E5 where

tion [3.4.7, Begin by examining }_ (

E1 = A2 + EIQ

p+q
E2 = A? + 6;2
E3 = A2 + E;%q
E, =A% +¢?

and p, ¢, r, are all 3-vectors. Let (po, go) be a pair of vectors such that
D = 0. Imagine — as a starting point — that we can ignore E, and Fjs.
E, is determined by our choice of the state [n(?)). We will begin by
varying p and ¢ away from (po,qo) so that €%, =¢?2 . For all those
values of (p,q), we have D = 0. Just as in Appendix , we’ve carved
out a hypersurface of constant energy and so just as in Appendix [A]
the number of states between adjacent hypersurfaces is S’"g#. Note
that there is a double sum which becomes a double-integral. Then
change variables, so that 3 — ¢*(er) [ dpdq — g*(er) [ d(p+q)dq =
g*(er) J dpdq. The denominator then becomes a function of p. For now,
ignore the coherence factors in the numerator. The factor g(ep) [ dg
becomes A. Then, continuing to ignore the coherence factors, we could
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approximate the sum in Eq. as we did in Section [3.4.7["

€.—¢6 4
E®Y ~ Ng(ep)/ de’ i
—w 2(\/€;2+A2_\/€/2_’_A2>

+

w 4

Ng(eF)/ de' "
a8 2 <\/e;? + A2 —/e? + A2>

%Ng(EF)ﬁ(—\/ml (w—e) <\/(€§—5’)2+A2_€;>

2 8 *
" (wte) (Vg +07+A7 - )
(w+ Ve + 82 (Vg =07+ A%+~ )
log )
(—w+ Vw? + A?) <\/(e; +O2+ A+ + 6/)

(22)
In Section we explored this result (but without the extra coeffi-
cient of \V) for four different values of €. The first three were £, %,§".

In each of those cases, the result was independent (to leading order)
of &'. Moreover, using the results computed in Section [3.4.7, but with
the extra factor of A/, we can see that the results are now all O(1) (in-
stead of O (j%/) One might have expected a log divergence as N' — oo
since the integrand’s denominator goes like e'fle; as € — ¢,. However,
because the integrand changes sign around that potential singularity,
the divergence doesn’t appear. Mathematically, this is captured in the
observation that in the limit of & — 0, the integral can be shown to
be the Cauchy principal value. This observation carries forward to
the case where we include the coherence factors since they are smooth

around €.

We also explored, in Section [3.4.7]the cases where €, = £(w—¢"). There
we found a ¢’-dependence and in the present case (with the extra factor
of N) our result is actually O(N) — which is unmanageably large!
However, as pointed out in Section 3.4.7, when €, is near the Debye
boundary, Cooper pairs become unstable, so we shouldn’t be surprised
that perturbation theory would break down there. In fact, the log A/
behavior is almost welcome, since we don’t want the lowest-order BCS

5You might notice that if the upper bounds of p and ¢ were both w then the upper
bounds of |p+ ¢| would not be w (remember that p and ¢ are both vectors). However, the
Debye theory presumably is much more subtle about which momenta of the theory are
limited by w so it’s really unclear how to decide what the upper bound is. I've chosen w.
I brought up this issue earlier in Section
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theory to be valid once quasiparticles attain the Debye energyl'|

We now return to the original denominator of Eq. , which was
D=FEY - EY = B, — B, + By + E5. Above, we ignored E, and E.
What happens when we add those back in? Those terms can’t be held
constant while we change p + ¢ as we did in the previous paragraphs.
We have to adjust the concepts of the previous paragraphs. Here’s a
qualitative approach. The space of variables (p, q) is 6-dimensional and
has a density function p for converting from sum to integral. Roughly
speaking, when there are no constraints, each dimension contributes a
factor of N's to the density p, so that fng Epd3qg*(er) = N2 (In
6-dimensional space, we have p = ¢*(er).) In the previous example,
we imagined a constraint where F; = constant — which amounted to
setting |p + ¢| to a constant. The volume of equal-energy hyperplanes
(of width &) was BN3 where 8 is a constant. The remaining one-
dimensional integral also has a density factor (a different one) propor-
tional to N3. Altogether, the density per unit of momentum space
is constant in a region of width O(y/w) around Sg x Sp where Sp is
the Fermi surfacem and this leads to a total density proportional to
N2 Any further dependence on A/ would have to come from the non-
density part of the integrand, and as we saw when we pretended that
Ey; = F5 = 0, can only come about if there were an energy pole at
Eflo), arising from F; = FE,,. That energy-pole was harmless (i.e., no
linear dependence on N) if the denominator at the pole crosses from
positive to negative along the line of integration. The only case when
the pole could cause a problem, is if it occurs near the edge of the
Debye zone. When that happens, the line of integration stops at (or
near) the pole, and so the denonimator doesn’t change sign along the
line of integration (the sign change is necessary in order for the large
positive contribution to cancel the large negative contribution). Such

6Note that, in some sense, the log behavior is (presumably) a consequence of self-
consistency rather than of fundamental physics. As far as the BCS goes, the Debye limit
is an arbitrary constraint on the theory (coming from outside the BCS theory). So any
breakdown of perturbation theory in the BCS theory, arises from self-consistency applied
to the fact that the theory only holds for energies less than the Debye energy.

"In this discussion, I treat the Fermi surface as the surface of a sphere. However,
for most solids, the Fermi surface is much more complicated. Even so, my qualitative
discussion should apply since the results depend on the Debye window being much smaller
than the average radius of the Fermi region. Moreover, the Debye window is somewhat
complicated for a situation with two or more quasi-particle momenta where interaction
terms might depend on, for example, p + ¢. The integration over e;, +q Will cut off when
E;)Jrq Sw.
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a case leads to a log N result, but as explained above, this is to be
expected near the Debye-zone boundaries. The situation is the same
with the full denominator that includes E;, Fs, F3; there is still only
one constraint — but it is different. Even so, because there is only one
constraint, most of the above discussion holds regarding hyperplanes,
lines of integration and the effect of the pole. There is one minor point
to consider when we have Ey; + Fy + E3. This total must be greater
than 3A. But E; < 3A when ¢ < 8A% So for those values of ¢,
there is no combination of (p, q) when D = 0. In particular, there is no
pole in the denominator. That makes no difference to the qualitative
aspects of the end-result. We already saw that the pole contributes 0
to the integral.

The final thing to do in evaluating the perturbation of the one-quasiparticle
energy, is to estimate the size of the corrections for the cases mentioned

above where €. is one of the values £,% §. Use results computed in

PRIVE
Section [3.4.7.

— Let €, = £: Then E® ~ A%w (VB2 +210g(2%))
Substitute £ = .02 and A = 0.2 to get E® ~ 0.09A + 0.37w.The

relative correction is obtained by dividing this result by EY which,
in this case is ‘/TEA. This leads to a relative correction of 0.08 +17
The second of these summands is way too large (the relative cor-
rection should be less than 1). Either this points to a failure of
perturbation theory, or a failure to properly account for the co-
herence factors that we’ve been ignoring until now.

Although this is where “the rubber meets the road” — a situation
where perturbation theory might fail, even for a relatively small
value of E,SO), I'm not sufficiently motivated to do the hard work
of tracking down — in a rigorous way — the effects of the coherence
factors. However, I think I can paint a picture that’s credible,
although non-rigorous. Here are the steps:

x The large value above comes from log ;—Z which in turn comes
, , (w+vw?+A2) (\/(6,-0)2+ A% +e, -5 )
from the integral in Eq. , log (—orvora?) (\/(E$+5’)2+A2+€’r+5’)
« The parameter w is the upper bound (and —w is the lower

bound) of the integral in that equation. If we substitute A
3) g
(-1+v2)
If, for some reason, this substitution of A for w were valid,
that would reduce the relative correction to about 2.8 which

for w, then instead of 2log 2 ~ 9.2, we get log
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still isn’t great.

So let’s see whether there’s a good reason why we could cutoff
the integral at £A. Here’s the crude argument. Pick any of
the quasiparticle energies — for example r — ¢. Then use this
energy as the one-dimensional parameter for integration. It
intersects constant-energy hypersurfaces. However, it might
not intersect them a “right angles”. This statement is ambigu-
ous, but I'm picturing something like the following: consider
3-space where the original energy integration is along the z-
axis and crosses flat hypersurfaces parallel to the x-y plane at
z=0 where the integrand is constant on each of those hyper-
surfaces. The length of this integration curve (along the z-axis
is 2w). Now change the integration curve to be along the line
z = x. The curve no longer intersects the constant-energy
hyperplanes at 90°, and it’s a longer distance for the curve
to go between the z = —w and z = w boundaries. On the
other hand, an adjustment has to made to the measure along
the integration curve so that the result comes out the same.
This would all work out OK if the integrand is exactly 1 so
that suggests we would be doing the right thing by adjusting
the upper and lower limits, and then multiplying by an ap-
propriately modified energy-density. The problem with this
analysis, is that if we insist on an exact Debye limiting energy,
then our various integration limits for both hypersurfaces and
the energy curve, are somewhat more complicated.

For simplicity, but without any rigor, I'm going to pick the
energy curve defined by the integration parameter €,_, and
I'll set the limits and energy density as I have done above
(even though we know that’s not right). I'll focus, instead, on
the coherence parameters which we ignored. For the particu-
lar example we’ve been focused on, one of the terms includes
the factor u,_,v,_,. That factor is bounded by % and drops
off quickly when |r — ¢| > A. Thus the integrand is signifi-
cantly suppressed beyond A. So not only does this effectively
change our upper bound from w to A but it provides an extra
factor of 2 suppression (from the %) everywhere. Arguably
this brings down the relative correction to close to 1.

Unfortunately, many terms of interest to us don’t have factors
usvs where s is an integration parameter manifestly related to
the energy-integration curve. Nevertheless, all factors include
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at least two factors of v, and two factors of uy as well as
other factors of u or v. I believe that some combination of
these suppresses integration contributions where the integra-
tion parameter is much larger than A. However, I don’t have
even the sketch of a proof ... just a couple of sketchy examples.

So, we’ve seen that the coherence factors suppress the integrand
enough to conceivably reduce the relative correction to something
‘perturbative’. There are other coherence factors that weren’t
discussed and which might also turn out to give additional sup-
pression. That would be helpful (for reducing the size of the cor-

rection) since up to now, I've only been focusing on the term

O 175 (pf kg )| O (1O [T (pok ) [ @
D (N5 (K q )J;ZO) >gﬁ)) Ts@ra)ln™) *There are a few other terms

that need to be added for the calculation of the corrections — owing
to 3 intermediate quasiparticles — to one-quasiparticle energies.

Recall that we were looking at three different sample energies for
EY. Now look at €, = ¢ and assume (from the argument above)

that the energy integrals cutoff at £A. This leads to E @) ~ 0.09w.
We have E©) ~ w . Then the relative correction is ~ 0.4. This
is reasonable.

E(O)

Finally look at €. = ¢’. Again, cut off the energy integral at £A.
The analysis of Eq. is a bit misleading in this case. Notice the

term —\/m log (w_€;)< (54—5')2+A2—e;)
& (whe) (V/ (e +6)2+27 ¢ )

and focus on the factor

2+A

and finally take the ratio £ E(0)7 the result is something O(4). Is
there some suppression factor that we’re missing” Perhaps. Eq.
(22) was obtained by ignoring the terms E5 and E3 in the denom-
inator. Since both those terms are greater than A, they will play
some role in further suppression. However, I can’t come up with
an easy estimate of the magnitude of that suppression.

. If we replace €/ by 5’ and w by A, then Taylor-expand,

Overall, our results suggest that the second-order shift of energies might
be large enough — at least for the less energetic quasiparticles — to inval-
idate perturbation theory. Clearly, the details matter and a more sys-
tematic approach would be required. I expect that a Feynman-diagram
analysis could deal in a more approachable way with the various inte-
grals encountered. Another approach — if nothing else were available —
would be purely numerical.
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One important thing we’ve exposed, is the A/-dependence. In Section
[3.4.7, where we had not yet introduced the momentum ¢, the perturba-
tive relative corrections were typically O (/%f) or O (%) However, in
this section we find the relative corrections of O(1), which makes more
sense. Unfortunately, the effective coupling A is typically not small,
and several results require an overall factor of ¥ which is large. De-
pending on suppression factors — some of which I have not run to the
ground — the final relative corrections may or may not be acceptably
small.

So far, I've focused on 7; which have one annihilation operator. But as
in Section [3.4.7], we also need to consider T which has no annihilation
operators. We deal with this more or less how we dealt with the ground
state. None of the operators are annihilation operators, so none of them
match up to bl. Instead, we end up with 5 creation operators including
bl. Then (m°| = (BCS|b_j_q; bpiqt bpy brrbr. Just as for the ground
state, we then need to match (n|Tyo(p'k'q")|m®) with (m(®| and the
result is just as we had for the ground state except that the triple sum
needs to exclude £k = r and p + ¢ = r, since in those 2 cases we would
have the square of a creation operator which would give 0. Once we cal-
culate Eg) by subtracting the second-order ground state perturbation

Eg), we end up with a contribution from the 5-quasiparticle interme-
diate states of xk*A*Y" 2 . We can evaluate

Pq (Ep+Eptq+Eriq)EpEprqErEriq
this with the usual integration approximation. The double sum be-
comes a double integral multiplied by g?(er). This is multiplied with
k4, giving A%2. The denominator of the integrand is greater than 3AS.
However, that analysis is insufficient because if the denominator simply
were a constant times 3A°, then after integration we would end up with
A2% = O(500) which is a very large number. I've struggled with this,
with partial success. Here’s an argument for why the actual integration
leads to a reasonable perturbative result. First suppose that |p, —pg| is
small so that we can set our sum to be qu (Ep+Ep+q+Ez)EpEp+qAEq . Next
suppose (and this is a stretch!) that the momenta are only one dimen-
sional, the expressions E, can all be replaced by z, , that p+q¢ — p—q
(so that we can explore the most problematic situation) and that the
sum becomes an integral g*(ep) [\ dgdpZ(q, p) where T is the integrand.
Shortly I'll demonstrate that the integral converges so that as w — oo,
the integral approaches a finite number (independent of w). Since this
integral has energy-dimensions [E]™® and since the only energy unit
(besides w which the integral doesn’t depend on) is A, this implies the

integral is O (A™3). Continuing, we multiply x* by g(er)? to obtain A?,
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and multiply the above integral by A* to obtain Eg) = O (A*A). Since
we’re ultimately interested in the ratio of the perturbative term to the
0™ order term ES)), which is greater than A, our final conclusion would
be (assuming that we can prove convergence of the integral) a relative
perturbative effect of order A2, So now, let’s prove convergence. We
do this by explicit integration of fX dp fX dqm. The integrand
may look rather different than what we started with, but I think it
serves as a reasonable model. In the original integrand (after setting
r = 0), the denominator included a factor £, + E,,+ E,. The original
integration bounds were from —w to w, and the original energies had
lower bounds of A, and approximated ¢, for large values of €, where
we take k to be a generic momentum (¢ or p for example). The po-
tentially problematic convergence would occur when a large negative
value of ¢ is added to an equal-magnitude positive value of p. This
would reduce the large-momentum behavior of the denominator to be
of order k® and since the integral is 2-dimensional, we would expect a
logarithmic divergence. So by looking only at positive values of ¢ and
p, and cutting off the lower bounds at A, and replacing ¢ by —q, we
have a chance to explore whether the potential divergence is actually

; . 11 R U
a problem. Write the integrand as D~ PE T (qu o e =
1, _2¢-p _ _1_ 2 _ 1 :
2e T pereten e po l s s St T Now for a trick. When

we integrate, we can exchange p and ¢ provided that we remember to
multiply by —1 since p — ¢ — ¢ — p. In the equation we just derived,
the last two summands — if we exchange ¢ and p — become m.
But this is just three times the original integrand. That is, we've
showwn thai [Sdp [y dqmw: 3 fwz dp [ dqm—l—ﬂ: dp [ alquLq2
or [ dp [ dqm =—3 [ dp [y dqp%qg. The RHS can be factored
and is easy to integrate. We get (% — %)2. As w — o0, that becomes
Az

Remember that all this was done by setting » = 0, as well as mak-
ing other approximations. I have not been able to figure out any easy
tricks for estimating what happens when r is largish (say > A). I think
one could show fairly easily that the integral converges, but now there
are two length scales, A and r. So naive dimensional analysis isn’t
good enough. I suspect that the results will continue to be reasonable,
but that will take more work. What about the other approximations,
in particular the one-dimensional approximation? Earlier I discussed
similar issues in comparing the 1D energy integration to the 3D momen-
tum integration. I think the same kind of considerations apply, where
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we look at hypersurfaces of equal energies (or perhaps hypersurfaces
of co-dimension 2 which are ‘orthogonal’ to two ‘energy’ dimensions).
Anyway, that’s a lot of work, and there’s bound to be better ways to
organize all this. It’s reasonable to assume that all of this is part of
the classical lore in the subject, but most likely done using Feynman
diagram formalism (where lots and lots of integration tricks were devel-
oped in high energy physics and presumably also in condensed matter
physics).

Here’s a brief summary of the highlights of this investigation.
When we include ¢-dependence in our Hamiltonian, we go
from double sums used in the BCS mean-field theory, to triple
sums. Since x? scales as j%[ and the triple sums might be ex-
pected to scale as N3, one might guess that our results would
diverge with N. Indeed, when looking at the ground-state
energy in second-order perturbation theory, that grows as N.
However, what matters are the energy differences, so once
we adjust all energies by subtracting the above-mentioned
ground-state energy perturbation, we are left with double-
sums. Those have no dominant N factors but typically they
can involve the large ratios of w to A. Often-times, the in-
tegrands can be seen to be suppressed by coherence factors
when the integration variable exceeds A. In those cases, the
factors of w don’t appear, and perturbative results are O (A?).
However, the integrals can be messy and it’s not always clear
whether there really is this kind of suppression. I’ve described
a few situations of that kind, but am guessing that in the liter-
ature, things have been developed much further and probably
with satisfactory outcomes.

I will next explore the second-order perturbations of 2-quasiparticle
states including Cooper pairs, and then finally the second-order per-
turbation of M-quasiparticle states. In Section [3.4.7] we found that
the M-quasiparticle states had relative corrections of O(1) rather than
(9((]%/)), so it will be important to see if that remains the same in this
section.

In this example I'll take our unperturbed state to be the 0-momentum
Cooper pair [n(¥) = b:[TbT_T |BCS). The analysis is almost identical to
that of Section for Cooper pair states. We look for T; with two
annihilation operators to pair off with the creation operators biw bT_T .

Moreover, since we’ll also be evaluating (n®|T; = (BC'S|b_, b+ T}, then
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T; also needs to have two creation operators to pair off with the an-
nihilation operators b_,|,b+. The only viable options are 71,T%, 11
and Tig. In Section [3.4.7| we were able to argue that Ty and T3, did
not contribute, but that isn’t the case here. T’ll show the matching
equations for (n©|Ty(p', k', ¢")|m©OY mO| Ty (p, k, q)|n®) and will just
state results for the other viable combinations. First match the an-
nihilation operators of Ti(p, k,q) to [n®). k+q = r,p+q = 7 so
k =p =1 —q Then match [m(®) to the creation operators, leading
to |m®) = quTbinﬁBC’S}. Next match the creation operators of
Ti(p', K, q) to (n), leading to k = r,p = r. Finally, substitute the
values for £’ and p’ and match the annihilation operators of T1(p', k', ¢’)
to [m©). p'+¢ =r+¢ =r—qand k¥ +¢ =r+q¢ = r—q from which

¢ = —q. The only free variable is ¢, so we will sum over q. Moreover,
(urugusug)® = upu?_,. The denominator is D = 2(E,_, — E,). In all,

there are 16 pairs of T;T; where 4,j = 1,6,11,16. If we assume{ﬂ that
the sums over r — ¢,r + ¢,k and p all range from —w to w, then if we
work out all the matching and coherence factors, we obtain

PRI (up = v7)
(

n 0 0
G

Apart from the coherence factors, this is the same result as we ob-
tained for Cooper-pair second-order correction in Section In
that section, we saw that all corrections (other than those pertain-
ing to pairs whose individual-quasiparticle energies were close to the
Debye limit) are suppressed by a factor of N'. So these perturbations
are well-controlled. If we generalize |E(®) to be bITbT_T, |BCS), which
is a Cooper-pair of general momentum (usually nonzero), we get the
same qualitative behavior.

So far, I've said nothing about the T; with either one or no annihilation
operators to match [n(®). By now, this should be a familiar story.
First look at the T;’s with only one annihilation operator. Those are

Ty, T3, Ty and Ti5. Consider T = — uqusuzvy bLT birJrqi, biquib_w.

The annihilation operator will pair off with bL ,» leaving 4 creation

T
—r+ql

state (m|b+b_.; b_y; ber. Then, in order to match |m©), we'll take
Ty in (nO|Ty|m®|. The result will be a double sum over k,p and an
overall factor of k. Similar results are obtained with the combination of

operators, bLT b bT_k_ al blr- Those match against the intermediate

8This assumption isn’t necessarily justifiable although it seems reasonable
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T3 and Ty as well as the other cases involving Ty and T5. This analysis
is the most complex I've encountered so far, for two reasons. First of
all, the coherence factors don’t have the simple structure that we've
sometimes encountered, where all factors are of the form usv,, which
becomes EA. Moreover, the denominator of Eq. involves a relative

minus sign (—E}(,O) + E’lio) + ...). We've encountered this kind of thing
earlier in our analysis of the perturbations to Cooper pairs. In principle,

there could be large contributions of O (%) or even O (Z—i) With luck,

all the coherence factors etc. will provide sufficient suppression, but I'm
not going to tackle that.

As for T; with no annihilation operators, that analysis is similar to what
we've done before comparing those terms to the terms that perturb
the ground state and we expect the contributions to be well-behaved
(although as mentioned in the previous section on single-quasiparticle
second-order perturbations, that analysis is also not complete).

e Our last example, following Section [3.4.7] will be the one where the
unperturbed state \n(o)) consists of M quasiparticles with spin up,
and M with opposite spin and opposite (i.e., the negative) momenta.
We believe this example will be analyzed as a synthesis of the two-
quasiparticle example, and the analysis of M-quasiparticle second-order

perturbations in Section [3.4.7]

A State density and spacing

In this section we carefully consider the sum over intermediate states, that
appears in Eq. (15). We've simplified our notation to only index states by a 1-
D momentum, e.g. p. However, we have intended all along that p is actually
a 3-D vector p. This matters when taking sums over intermediate states.
Whenever we speak of the residual potential action on the intermediate state,
we speak of annihilation (or creation) operators matching the values of k in
the intermediate state. But what we really mean is that we are summing
over all intermediate momenta with a fixed value of |k|, with the assumption
(from symmetry) that matrix elements are independent of the direction of k
and that E,go) appearing in the denominator of Eq. is the same for all
directions.

We will approximate the discrete grid with a continuum and convert sums
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to integrals. That requires a bit of care and also requires a dispersion re-
lation between energy and momentum. In the Bloch theory, the dispersion
relatio is approximately € = Ti* Pr - (P — Pp), for momenta p very close
to a momentum vector on the Fermi surface, which we will designate pp.
Strictly speaking, this is a set of dispersion relations dependent on the choice
of pp. However, to first-order , this is independent of that choice. We'll set
up our continuum-approximation by separating the discrete momentum-grid
into surfaces of approximatelym constant energy. Then, if we pick a momen-
tum p on one of those surfaces, we’ll compute €,/ by selecting a py which is
parallel to p, in which case the dispersion relation gives us € ~ 2£(|p| —pr).
If, in the discrete case, the average p-distance between adjacent momenta is
0, then the average p-distance between adjacent energy-hypersurfaces is also

J.

From the dispersion relationship, the average adjacent energy-difference is

OPL = 5%27;{. The average number of states between energy-levels (i.e. be-

2 *
tween constant-energy hypersurfaces) is 4#%’—2 ~ 471’;—5 = 8’":;‘—2@. Recall that
energies are all within the Debye window —w < ¢ < w so the number of
energy hypersurfaces is 5‘2”7 If we multiply that number by the number
5
Vim*
of states between energy-levels, we obtain he total number of states (i.e. par-
ticles) in the system, N. From this, we see that the density of states per unit

) - 4my/ 2e pm*3
53

energy is g(ep) ~ . Also, for future reference, 6 =

(128#26Fm*3w2) %

NE

9Gee notes on the semiclassical approximation for metals.
20some mathematical rigor must be applied to get a firm grasp of the meaning of ‘ap-
proximately’.
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