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Geodesics: outline

Geodesics on Riemannian manifolds
Geodesics on spacetime manifolds
The geodesic equation

Three ways of obtaining the geodesic equation

» Geodesic equation via the notion of parallel transport
> Geodesic equation via generalization of Newton's first law
> Geodesic equation via the Euler-Lagrange equations

» The geodesic equation: finding solutions in spacetime



Geodesics on Riemannian Manifolds

For any n-dimensional, Riemannian manifold:

P> There are infinitely-many curves connecting any pair of points.

P> Among these curves, those that minimize the distance between them (relative to
nearby curves) are the geodesics.
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manifold is open and either flat or hyperbolic

There there is only one geodesic passing through any pair of points.
The points are connected by a single segment of that geodesic.
manifold is closed

There exists at least one geodesic passing through any pair of points.
But there may be multiple (even infinitely many) geodesics or geodesic
segments connecting them.

manifold is the Euclidean plane E?

The geodesics are straight lines.

A single geodesic (straight line) passes through any pair of points
and the points are connected by a singe geodesic (line) segment.
manifold is the 2-sphere S?

The geodesics are great circles.

A single geodesic passes through any pair of non-antipodal points.
and the points are connected by two unequal geodesic segments.
Infinitely many geodesics pass through any pair of antipodal points
and, on each geodesic, the points are connected by two equal geodesic
segments.



Geodesics on the Spacetime Manifold

For any pseudo-Riemannian manifold, with metric
ds® = gu,dg*dq”, p,v=0,1,2,3

having Lorentz signature, there exists three distinct types of geodesics. Using the
signature convention (+ — ——), these are

P For ds? > 0 = time-like:

P> There are infinitely-many time-like curves connecting any pair of
time-like-separated events.

P Among these curves, those that maximize the proper distance s between
them (relative to nearby curves) are the time-like geodesics.

P There may be one or more time-like geodesics or geodesic segments
connecting the two events.

P For ds? < 0 = space-like:

P There are infinitely-many space-like curves connecting any pair of
space-like-separated events.

P Among these curves, those that minimize the proper distance s between
them (relative to nearby curves) are the space-like geodesics.

P There may be one or more space-like geodesics or geodesic segments
connecting the two events.

P For ds? = 0 = null: there is one and only one null curve connecting any pair
of null-separated events and that curve is the null geodesic.



The Geodesic Equation

Regardless of whether we have a Riemannian or spacetime manifold, the geodesics are
solutions of the geodesic equation

d2q;1. ” dqa dqb _
dx2 B dx d\
where:
A solution is a set of n functions g#(\), p=0,1,...,n.
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P> Together, the n equations represent the geodesic in parametric form.
P The parameter X is monotonically increasing along the curve.
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The RHS of the geodesic equation is zero only if A is an affine parameter
meaning distance s along the curve g#()\) is linearly related to J, i.e.
s = a\ + b, where a and b are constants and a # 0.
»  For null geodesics on spacetime manifolds, A cannot be defined as above,
because s = 0; otherwise, we would have A = —b/a, contradicting the fact that
A is monotonically increasing. (Affine parameters do exist for null geodesics, but
they are defined differently.)

P Henceforth, we will not be concerned with space-like geodesics.



Derivations of the Geodesic Equation

There are three ways to arrive at the geodesic equation:
> Via the notion of parallel transport
» Via generalization of Newton's first law
» Via the Euler-Lagrange equations

We will briefly discuss each of these in the next three slides



Geodesic Equation via Parallel Transport
Parallel transport of a vector along an arbitrary curve is defined by
moving the vector in infinitesimal increments along the curve, while
preserving its length and keeping it parallel to itself (to 1st order)

Parallel transport is one of the key concepts in Riemannian
geometry, because:
> |t provides a precise definition of intrinsic curvature, and leads
to the curvature tensor.
> |t provides a means to generate geodesics, and leads to the
geodesic equation.



Geodesic Equation via Parallel Transport (continued)

Let:
P> g*(\) be an arbitrary curve in parametric form,
» {b,()\)} be the coordinate basis at ),
> v(A\) = v*b,(\) be arbitrary vector at \.

As X = (A +dA), v(A) = v(A+dA), bu(A) = bu(A+ dA)
and in components:

1. v(x+dX) = v¥ + dv¥
b.,(A+d\) =b, + db,.
2. Then, v(\ + d)) = (v + dv*) (b, + db,)
3. So to 1st order v(\ + d)\) ~ v¥*b, + vFdb, + b, dv*.
4. Then, the 1st-order change in v is
ov:=v(A+d\) —v(\) = budv* + v*db,.
5. Keeping v the same length and parallel to itself to 1st order implies

ov =0, so
b,dv* + v*db, = 0.



Geodesic Equation via Parallel Transport (continued)

We continue the derivation of the equation for parallel transport of a vector.
In last step (5, previous slide), we arrived at b, dv" + v*db, = 0.

6. The expression for the change in basis vectors db, is

_ 0 [(0p° 0q° , .,
db. = dgH (()qa> op” 9q"bo
= [},d¢"bs

where p? := q° + dq° and the red factor is literally the definition of M-

7. Substituting the result of step 6 into step 5, we arrive at the equation for
parallel transport

b.dv" +Vv'T7,dg"b, =
bodv® 4+ v¥*T},dq"b, =
b, (dv” + T, v"dq") =
dv? + v# Fﬁydq" =
dv? " feleld
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Geodesic Equation via Parallel Transport (continued)

In the last step (7, preceding slide), we arrived at

d dq”
i (v7) + FZVV“K =0

i.e. the equation for parallel transport of an arbitrary vector.

Then:

1. Recalling that % is the tangent vector to the curve g¥ (),
we take the arbitrary vector v# to be a tangent vector, i.e.

dq® dg*
=4 and v° = @
d\ d\

ve

2. Substituting Step 1 into the equation for parallel transport (top), we arrive at

i(dff;’) o dg*de”
dx \dAx odh dx
d2qc7 o dq,u, dqu

dX? Y dX dA

i.e. the geodesic equation.



Geodesic Equation via Newton's First Law

We may write Newton's first law in parametric form and Cartesian coordinates
x* u=1,2,3 as

d*x*(t) 0

a2 7

Generalization:

1. Recognize that t is an affine parameter because, if v is velocity
t
S(t) :/ Iv|dt’ = |v|(t — to) = vt + const
to

i.e. s is linearly related to t.
2. It is mathematically permissible to

2.1 Replace t with any other affine parameter A, where
A = at+ (3, and where a and 3 are constant and « # 0.
2.2 Let the number of dimensions be any integer n > 2.

2.3 We then have 2 (\)
d x"(A
7—07[1/—1,2,...,” (1)



Geodesic Equation via Newton's First Law (continued)

We continue with generalization of Newton’s first law, by making it valid for arbitrary
coordinates, as follows:
3. Transform to from Cartesian coordinates x* to arbitrary coordinates g*, i.e.

xH(A) = g#(x*(N))
4. The total derivative of g* along the curve is given by

dgt  Oq* dx?

= (2)
dx — 9x? dA
5. Taking 2nd derivatives, we have
d?2q*()) _ Ogt d?x? d <0q“> dx? (3)
dX2 T 9x? dX2 | dh \ 9x? ) dA

where the 1st factor of the 2nd term (red) is once again a total derivative, i.e.
d (dgh\ _ & [dg" dxb @
dx \9x? ) oxb \oxa ) dx

and substituting the result from (4) (magenta) into (3), yields

ox2

d2qH(N) _ Oqg* d?x? 1o} <€3q“> dx? dx?
dX2 T 9x? dA2  Oxb dXx dx’



Geodesic Equation via Newton's First Law (continued)

In the last step (5, preceding slide) we arrived at
d?gH(\)  Og* d?x? 0 [0gH\ dx? dx?
TN Oxa da2 | axb (8)(3) dx dA
We continue the transformation from Cartesian to arbitrary coordinates:
6. Since % =0, we have
Agh d?x? d (Ogt\ dxb dx?
dxa dx2 | Oxb (axa) dx dh

7. Now, if we multiply (6) by %, we arrive at the geodesic equation

oxY (8q“ d?x? (8q“) dx? dx? . 0)

Ogt \ Ox? d)\2 d\ dX

OxY Ogt d?x? ()x (8 “) dx? dx@ _ 0
Ogh Oxa dX2? ()q“ 9xb d\ dX

ox” d2xa ( gh\ Ox” dx? dxb _ 0
ox?2 d)\2 0x2 ) Ogt dA dX\

L d%x? <8q“ Ox¥ dx? dxb 0
" ax? ) gt dx dx
d?xv L, dx? dxb

= 0

dxz Tl an



Geodesic Equation via Euler-Lagrange Equation

We first need to define a Lagrangian:
1. On a Riemannian manifold, the distance s along any parameterized curve gH(N)

is given by
s:/ds:/fd/\ (7)
dA

where ds is determined by the Riemannian metric
ds® = gy, dg"dq”. (8)
2. Substituting (8) into (7), we have

v/ 8uvdqrdq” / dqgt dq¥
= [ Ve T g\ = s T 9
s / X V& "aN A )

3. The geodesic between two points is the curve that minimizes s. Thus, (9) is

formally an action
s= /L',d)\

and we see that the Lagrangian is

dgt dq¥
L=1/gu—— . 10
8u dh dA (10)

4. Although % is a tangent vector, we can think of it as a generalized velocity,
i.e. g = dg*/dAand thus rewrite the Lagrangian as

L= \/guarq” (11)




Geodesic Equation via Euler-Lagrange Equation (continued)

The Lagrangian £ = \/guvrg#q¥ has two drawbacks:

P Derivatives with respect to generalized velocities are messy.
P In spacetime, this Lagrangian does not work for null geodesics.
It turns out that the quadratic Lagrangian

Lo= S8uwd"d" (12)
has the following general properties:
P Most importantly, it gives the same geodesics as L.
P Calculations are much simpler (no square root).
In spacetime:
P For time-like geodesics, g~ is actually the 4-velocity u#.
P Thus, the RHS of (12):
P Looks formally like Newtonian kinetic energy (per unit mass).
P Can be interpreted as generalized kinetic energy.
P Becomes Newtonian kinetic energy in the Newtonian limit.

P For freely-falling bodies, the potential energy is zero,
so Lq is physically the full Lagrangian.
P It works equally well for null geodesics.

Note: L gives the same geodesics for any constant factor (not just 1/2);
The factor 1/2 is chosen so that:
P The generalized kinetic energy reduces to the Newtonian kinetic energy.
P The conjugate momentum does not have an extra factor.



Geodesic Equation via Euler-Lagrange Equation (continued)
Substitute the Lagrangian Lo = 2gwq“q into the Euler-Lagrange equation

d /ocC oL
— ( ) - =0: (13)
dx \ 8¢ aq?
1. Obtain conjugate momentum, i.e. 1st term of (13)
aL a (1 1 d
rril ( guvdt ): 254 (6"¢")

g2
1 gt 94" 1 , ,
= g qv + " = —guv (654" + ¢ts!
> v < EYe 842 2 14 ( a a)
1 m i 1 v i
3 (guvdhd” +guudlgh) = 3 (gavd"” + guad™)
1 "
= 3 (820" + guad") = guad (14)

2. Obtain derivative of conjugate momentum (14)

d /0L d dg dgh
_ sy _ 9Bpa
—_ = — = + 15
(ada) dx (€uad") = =74 +gua" 7 (19)
where the magenta factor is g* and the red factor is a total derivative , i.e.
dg;:,a agua dqb b
= _ — =9 0.
dx agb dx  pEnad
3. Substitute the previous two expressions into (15), yielding
d /oLC b
d oLy | b "
hY (84’73) = Opguad 4" + guad (16)



Geodesic Equation via Euler-Lagrange Equation (continued)
After substituting Lagrangian Lo = %gw,q“(q” into

d (0L oL
Y (ae,a) ~ g =0 (13)repeated

we arrived at (step 3, previous slide)

d (8L

Y 8613) = 8bguac'1bc']“ + guag” (16) repeated.

Now:
4. Obtain 2nd term of (13)

oL o (1 1 g, 1
_ L TSV N ”U'H'V:,Q e 17
90~ 9g7 (2gwq q ) 2 0gs ¢ 9 = 308w d"d (17
5. Substituting (16) and (17) into (13) yields
o b s 1 IyTsY
8uad" + Obguad’q" — 5 0aguud"q” =0 (18)

6. Multiply (18) by the inverse metric

) 1 »
§7°guad" + 877 0p81uad" 4" — 58708y q" = 0 (19)



Geodesic Equation via Euler-Lagrange Equation (continued)
After substituting the Lagrangian Lo = %gm,q“q” into

4 (8£) _ 9L =0 (13) repeated
dX \ 0g¢° dq?

we arrived at (step 6, previous slide)

1
g°78uaG" + 87708247 " — Eg[’a@aguud“dl’ =0 (19) repeated
Now:

7. Because Obgua is contracted with gPgt, p, b are dummy indices.
This allows us to symmetrize Jpg,.2 on indices u and b, i.e.

Ovgiia = 3 (Ohgia + 0,5 (20)
8. Substitute (20) into (19)
878" + 587 (Ohsus + Outes) "4 — 287" = 0
576+ 5877 (s + 0o8u) 4" — 8T Oogud = O
& + 587 (Ouuo + 0o — D)6 = O
P97 | o dgtde” (21)

dX2 RYdN dA



The Geodesic Equation: Finding Solutions in Spacetime
The geodesic equation

d?q° -

dx2 M dN dh

dg" dq¥

is not easily solved, because:
P It is coupled system of 4, 2nd-order, nonlinear ODEs.
» The 2nd term is, in general, a summation over 16 terms.
P> In each of those terms, the connection is given by

1
FZV = Egaa (&/gua + Oaguv — 8ag;w)
which is, itself, the sum of 4 terms, each involving 3 different partial derivatives
of guv.

Thus, even if some components of the metric tensor are zero,
a direct attack is not advisable.

Instead, if one can find 4 quantities that remain constant along the geodesics, then
the system can be reduced to 4 decoupled, 1st-order equations of the form
dgt(N)
dX

=f"(q",\), m,v=0,1,2,3.
Thus
@) = [ F(a" N)dx

so even if the f* cannot be integrated analytically,
the geodesics can be determined by simple numerical integration.



