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Overview

> 2-Qbit product states
» 2-Qbit general states

> 2 x 2 Quantum Gates (pictures, words), unitary matrices and
quantum circuits

» A simple quantum circuit and algorithm for IBM's computer

» Introduction to IBM’s environment

» Some Python scripts (for non-Python people)

» Translating those scripts to pictures and gates

» Predicting the quantum behavior of the quantum circuit
» Execution of the algorithm on actual hardware



2-Qbit product states

v

Think of this as 2 uncorrelated stationary electrons with spin?

» Each electron is in its own state, |s;) = «;|0) + §;|1).

. Q;
» |n vector notation s; = (5')
1

> Write |s1)|s2) or |s150).
> 4 basis states are |00), |01), |10), |11)
> |51$2> = 041052|00> + 051,82|01> + 61042|10> + 5152|11>
100
- o132
> Vect tation: =
ector notation: s; ® s Biz
P15

> Let (s384]515) = azajaion + a385a1P2 + Byag Pran + 5365 B152
» Vector notation: (s3 ® s3,51 ® %)

» Prob. of measuring |s3s4) if system is in state |s;s,), is |(s354]5152) |2

!By forced separation, we avoid Fermi statistics.



2-Qbit general states

v

(Normalized) 2-Qbit general states superpose the 4 basis states.

> |1ZJ> = 051‘00> + 052|01> + Oé3|].0> + Oé4|].1>
|¢) = B1]00) + B2|01) + B5]10) + Ba[11)
where 31 |aj2 = S0, |82 = 1
a1
a
as
Qg

» Vector notation: ¢ = , etc.

v

In general, |¢)), |¢) are not product states
General inner product: {(¢|y) = ZLI B
» Vector notation: (¢*, )

v



The EPR state — an example of a 2-Qbit general state

» The EPR state is |EPR) = \%2 (10)]0) + |1)[1)).

> If the first Qbit is |0), so is the second Qbit, etc.
> P(]00): |EPR)) = P(|11) : |EPR)) = %
P(]01) : |[EPR)) = P(]10) : |[EPR)) =0

> Therefore we can't factorize |EPR) as |s15,)

» Otherwise 0 = P(|01) : |EPR)) = P(|0) : s1)P(|1) : s1)

» Then either P(|0) : s1) =0 or P(|]1) :s1) =0

» Implying either P(|00) : |[EPR)) =0 or P(|11) : |[EPR)) =0
» We say that the EPR state is correlated.

» Vector representation of the EPR state is |0)|0) —

= O O



Gates with 2-Qbit inputs and 2-Qbit outputs
» Analogy with a Boolean gate - |Q;) and |Q!) are either |0) or |1)

0> ——— — [e>
0> ——— — [

» Alternative picture using product state notation

| 02> u loi0s>

» Most general input and output (no Boolean counterpart)

|v> u o>

Figure: |1/)2 = a1/00) + a2|01) + 3|10) + a|11)
[4") = B1|00) + B2|01) + B3]10) + Ba|11)



2-Qbit matrix representation of “product” gates

> Qi Q) > |v,w)=vewand U—- ARB. U@ Q) — |Av,Bw)
» Then

(1) o () =aem ()= ()
2] W, Vo Wo
_ (A A (v @ Bii B\ (wm
A Ax V2 By Ba Wo
» With the 4 basis states |00), |01), |10), |11)

viwg

Vi wi viwe
@ —

V2 w2 Vawy

Vawz

» and A ® B becomes

A A 0 0 Bii Biz O 0
0 0 An A 0 0 B B2

Ax Ax O 0 By B»n O 0
0 0 Axn Axn 0 0 By Bx»



Probability-Factorization and Product Gates

> Recall:
Prob. of measuring |s3s4) if system is in state |s;15,), is |(s354]515)[?

» Interpret by saying the two Qbits are uncorrelated:
> P(lsssa) : |s251)) = P(|s3) = [s1))P(|sa) = [2))
» What if a product gate M = A ® B is applied to |s15,)?
> Pm(|sssa) : |s2s1)) =prob. of |s3s4) after applying M to |s1s;).

Pu([sssa) : |s251)) = (I(s3|Als1)[?) (|(sa[Bls2)|?)
= Pa(ls3) = [s1))Pa(|sa) - [52))

» This is interpreted as following:

» Assume two uncorrelated input Qbits.
» Then a product gate produces uncorrelated output Qbits.
» Think of the product gate acting independently on each Qbit.



2-Qbit matrix representation of "general” gates

» Recall:

|v> u >

Figure: |¢2 = a1|00) + a2|01) + a3|10) + aa|11)
) = B1]00) + B2[01) + S3]10) + Bal11)

> Write [¢') = Uy)).

» In component notation

b1 U U Uz Uy aq
Bo| | Uax Uxp U U | | 2
Ba| | Ui Uz Usz U | a3
Ba Usy Uz Uz Usa 0y

> U is unitary (ie. U™t = UT)

» In general, U does not have the form of a product gate.



2-Qbit EPR gate (Bell gate)

1
» Input the product state (2 independent Qbits) v;, = |0)|0) — 8
0
10 1 O
» Construct gate with matrix U = % 8 i 8 _11
10 -1 0

» Apply the gate to the input-state: v, = Uv,.

1
0

> Vour = 75 | o | = 75 (10)[0) +[1)]1)).
1

> This is the EPR state |EPR) (Sometimes called the (Bell state))



How to construct the EPR gate

» There are not single physical components corresponding to each
possible gate (U).

» |nstead, we build gates from standard components.

» One standard gate followed by another, by another, looks like
U=UU,..Uy



The Hadamard ® ldentity gate

10 1 0 | t
U (o1 0 1 ' H '
Had®|2—\/§ 1 0 -1 0

0 1 0 1 in, out,
Vout = (UHads1, ) Vin

EXAMPLE
(1
Vin = 10) ® [0) — 8) 7 1 1
" 0 |0> H ﬁ |(> + ﬁ|1>
[ 3

Vout =

S
ot

) = 25 (10) + 1)) @ |0)



Run the Hadamard ® Identity circuit at IBM

» Create the circuit with input Qbits are |0) and |0)
> Execute 1000 times

» Print results

. PREAMBLE AS BEFORE ...

## First create a circuit locally

# 1. Create a 2-qubit circuit

qc = QuantumCircuit(2)

# 2a. Apply Hadamard gate to gbit O [WE CALLED THIS QBIT 1]
qc.h(0)

# 2b. Apply identity gate to gbit 1 [WE CALLED THIS QBIT 2]
qc.id(1)

# 2c. Display this meta-circuit

display(qc.draw("mpl"))

# 3. Measure

qc.measure_all()

..SET UP IBM HARDWARE AS BEFORE AND DRAW THE TRANSPILED CIRCUIT
display(isa_circuit.draw("mpl", idle_wires=False))

## Running and analyzing the circuit

# 8. Create the program to be run on the IBM cloud, which analyzes outputs of quantum circuit
sampler = Sampler (mode=backend)

# 9. Run the circuit with 1000 shots

job = sampler.run([isa_circuit], shots=1000)

print("Job ID:", job.job_id())

# 10. Get results (waits until job finishes)

result = job.result()

# 11. Extract counts

counts = result[0].data.meas.get_counts()

# 12. Change to probabilities and print

total = sum(counts.values())

probs = {k: v / total for k, v in counts.items()}
print("Probabilities:", probs)



Results from the Hadamard ® ldentity run

o i
o i

Global Phase: /4

o o JEHEHE-L

g1 H—

2
meas

Job ID: d7b9sbhSa5qc73dn7b2e
Probabilities: {"@l': ©.489, "@e@': @.5088, '1@': 0.003}

» ‘01’ : 0.489 means 0.489 is the fraction of outcomes with
Output Qbit #1 has z-value 0 and Output Qbit #2 has z-value 1

» We see that about half the results are g0 = |0), half are g0 = |1).

A\

In each of those results, g1 = |0)
» A small fraction (0.003) differ.



The CNOT gate

1000 iny out,
U 01 00
CNOT —
0 001 in D out
0 010 2 U 2

in; iny out; outy

0) 10) [0) 0)

“Truth table” is | |0) |1) |0) 1)
1L 10y (1) 1)
1 [ 11 10



Run the CNOT circuit at IBM

» Create the circuit with input Qbits are |0) and |0)
» Execute 10000 times
» Print results

# Create a 2-qubit circuit
gc = QuantumCircuit(2)

# Perform a CNOT (controlled-X) gate on qubit 1, controlled by qubit O
qc.cx(0, 1)

# Run the circuit with the number of shots
job = sampler.run([isa_circuit], shots=10000)



Results from the CNOT run

do
qu 1

Global Phase: n/2

qo+ O .
meas = 01’

Job 10: d7colqiklj2c73fqope
Probabilities: {'00': 0.9454, '10: 0.052, '01': 0.0015, '11': 0.0011}

» ‘00’ : 0.9454 means 0.9454 is the fraction of outcomes with
Output Qbit #1 has z-value 0 and Output Qbit #2 has z-value 0

» We see that about 5% of the results come from other Qbit combos.

» About 5% of results are wrong.



The EPR gate

Uerr = UcnoTUHadsl,

}
. 1
10 1 0 " H !
1|01 0 1 !
V2101 0 -1 in —D
10 -1 0

We previously saw that Ugpg : |0)|0) — % (10)[0) + [1)[1)).

out;

out,



Run the EPR circuit at IBM

> Create the circuit with input Qbits are |0) and |0)
> Execute 10000 times

» Print results

## First create a circuit locally
# Create a new circuit with two qubits

qc = QuantumCircuit(2)

# Add a Hadamard gate to qubit O
qc.h(0)

# Perform a controlled-X gate on qubit 1, controlled by qubit 0
qc.cx(0, 1)

# Run the circuit with the number of shots
job = sampler.run([isa_circuit], shots=10000)



Results from the EPR run

Jo
q1

Global Phase: 3m/4

o I ~

2
meas

Job ID: d7cptrjog7hs73drscrg
Probabilities: {"08': 0.4823, "11°: 0.4633, '10': 0.633, "61': 0.8214}

> ‘00’ :.4823, ‘11': .4633 means 0.4823 is fraction of outcomes with

Output Qbit #1 has z-value 0 and Output Qbit #2 has z-value 0
and 0.4633 is the fraction of outcomes with
Output Qbit #1 has z-value 1 and Output Qbit #2 has z-value 1

» The states |0)|0) and |1)|1) are about equally likely

» We see that about 5% of the results come from other Qbit combos.

» About 5% of results are wrong.



EPR with rotation

> Recall

Flgu re. Half-wave plate. Different refractive indices for vertical and horizontal polarizations.

In code, thisis qc.ry(0,0) resulting in |0).

> Now rotate

Horizontal Component - £,

FIgU I'€. Rotation. Generated by Gemini.

qc.Ty(2%np.pi/x,0) — (cos (Z)]0) —sin (Z)[1)).



EPR with rotation — results
» Hadamard gate — rotation gate; don’t print transpiled circuit

# Add a rotation gate to qubit O
gc.ry(2*np.pi/3,0)

> New circuit should produce (cos (5) [0)[0) — sin (%) [1)[1))

do

qi

Job ID: d7e5sc95a5gc73dgigsg
Probabilities: {'11': ©.7205, '@@': ©.257, '@l1': @.@175, '10': 0.5}

» ‘00’ :.257, ‘11’ : .7205 means 0.257 is fraction of outcomes with
Output Qbit #1 has z-value 0 and Output Qbit #2 has z-value 0
and 0.7205 is the fraction of outcomes with
Output Qbit #1 has z-value 1 and Output Qbit #2 has z-value 1

> Prob. of |0)|0) is 0.75; Prob. of |1)|1) is 0.25

> We see that about 2% of the results come from other Qbit combos.



