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Problem setup

▶ Consider a 2-qubit system with computational basis states:

|00⟩, |01⟩, |10⟩, |11⟩

▶ Choose a target (“password”) – we’ll use the following:

z = 10

▶ Our goal is to identify the state |10⟩.



Superposition

▶ Apply a Hadamard gate to both qbits and run 10000 times

▶ The effect is |00⟩ → 1
2 (|00⟩+ |01⟩+ |10⟩+ |11⟩)

 



Oracle
▶ We want an operator with:

▶ |10⟩ → −|10⟩
▶ |ij⟩ → |ij⟩ when |ij⟩ ≠ |10⟩

▶ Use the built-in gate controlled-z (UCZ) with:

▶ |11⟩ → −|11⟩
▶ |ij⟩ → |ij⟩ when |ij⟩ ≠ |11⟩

▶ So first convert |i0⟩ to |i1⟩ and |i1⟩ to |i0⟩
▶ Accomplish this by applying the X gate to qbit 1

▶ Then apply the controlled-z gate, so

▶ |10⟩ → |11⟩ → −|11⟩
▶ |11⟩ → |10⟩ → |10⟩; |01⟩ → |00⟩ → |00⟩; |00⟩ → |01⟩ → |01⟩

▶ Finally, again use the X gate to convert |i0⟩ to |i1⟩ and |i1⟩ to |i0⟩
▶ |10⟩ → |11⟩ → −|11⟩ → −|10⟩
▶ |11⟩ → |10⟩ → |10⟩ → |11⟩
▶ |01⟩ → |00⟩ → |00⟩ → |01⟩
▶ |00⟩ → |01⟩ → |01⟩ → |00⟩



Diffusion

▶ For |ψ⟩ = α1|00⟩+ α2|01⟩+ α3|10⟩+ α4|11⟩
▶ µ = 1

4

∑
i αi

▶ D : |ψ⟩ → 2µ (|00⟩+ |01⟩+ |10⟩+ |11⟩)− |ψ⟩

▶ =⇒ D = 1
2


−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1


▶ D is unitary (so can be a gate)

▶ Example 1: αi =
1
2

▶ µ = 1
2

▶ D : |ψ⟩ → |ψ⟩
▶ Example 2: α3 = − 1

2 ; α1 = α2 = α4 =
1
2

▶ µ = 1
4

▶ D : |ψ⟩ → |10⟩



Grover (with a diffusion gate)
The “password” 10 is identified with |10⟩ and confirmed by the oracle for
10.

▶ Superposition: UH⊗H : |00⟩ → |S⟩ = 1
2 (|00⟩+ |01⟩+ |10⟩+ |11⟩)

▶ Oracle is O10 = UI1⊗XUCZUI1⊗X

O10|S⟩ = 1
2 (|00⟩+ |01⟩ − |10⟩+ |11⟩)

▶ Diffusion: DO10|S⟩ = |10⟩
▶ Measurement: result is |10⟩

Another password, 01

▶ Its oracle O01 is UX⊗I2UCZUX⊗I2

▶ O01|S⟩ = 1
2 (|00⟩ − |01⟩+ |10⟩+ |11⟩)

▶ DO01|S⟩ = |01⟩

Generalize – change the password (oracle) and the procedure selects it.



Implementation of the diffusion gate

▶ We’ll build the diffusion gate out of “standard” gates.

▶ UH⊗H = 1
2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

, UI1⊗H = 1√
2


1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

 ,

UX⊗X =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 ,UCNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


▶ We can show that D = UH⊗HUX⊗XUI1⊗HUCNOTUI1⊗HUX⊗XUH⊗H.


