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Why doesn’t a 2-qubit Grover algorithm prove anything?
H

H

𝑂𝑓
±

𝐷

▶ This circuit starts with |00⟩ and ends with |pwd⟩ in “one step”.

▶ We say the classical circuit requires ”four steps” (test each “pwd”)

▶ But a quantum “step” takes longer than 4 classical “steps”.

▶ We want to show for N possible passwords something like



Problem setup and algorithm outline
▶ Consider an n-qubit system with computational basis states:

|00...00⟩, |000...01⟩, ... |11..1101⟩, |11...1111⟩
▶ The total number of basis states is N = 2n

▶ Choose a target (“password”) – we’ll use the following:

x∗ = 100...001

▶ Our goal is to identify the state |100...001⟩.
▶ Our algorithm, to be explained, will be:

Before we hit the fflip gate, we have the state

|x〉 ⊕ |−〉 = |x〉 ⊗ 1√
2

(|0〉 − |1〉) =
1√
2

(|x0〉 − |x1〉).

After we pass the gate, there are two cases. If f(x) = 0, then the state is unchanged.
Otherwise, if f(x) = 1, then we end up with the state

|x〉 ⊗ 1√
2

(|0⊕ 1〉 − |1⊕ 1〉) = |x〉 ⊗ 1√
2

(|1〉 − |0〉) =
1√
2

(|x1〉 − |x0〉)

which is the negative of the state we began with. Thus we have

|x〉 ⊗ |−〉 7→ (−1)f(x) (|x〉 ⊗ |−〉)
as desired to simulate the O±f gate.

Because the gates are equivalent, we may use either. For the circuits in this lecture, we
will use the O±f gate.

2.4 The algorithm

Recall that our goal is to, given the ability to query f using our oracle gate, find x∗ such that
f(x∗) = 1. We shall start by diagramming the entire circuit below and explain the details
following that.

|0〉

H⊗n O±f D O±f D

|0〉
n qubits ...

. . .

|0〉

|0〉





×O(
√
N) times

We start with n qubits all initialized to |0〉. Think of these as forming an n-bit string,
or an input to f . Let us make our goal concrete by saying that we would like the amplitude
of |x∗〉 to be at least .1 in magnitude at the end of the circuit so that when we measure at
the end, we have a .12 = .01 probability of measuring |x∗〉.

What can we do with our quantum circuit that is not possible classically? We can
perhaps exploit superposition. We shall begin by transforming our input into the uniform
superposition ∑

x∈{0,1}n

1√
N
|x〉 .
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n-qubit Superposition

▶ Apply a Hadamard gate to all qbits

▶ Tensor product:

|00...00⟩ = |0⟩0 ⊗ ...⊗ |0⟩n−1

→ 1√
2
(|0⟩0 + |1⟩0)⊗ ...⊗ 1√

2
(|0⟩n−1 + |1⟩n−1)

=
1√
2n

(|00....00⟩+ |00...01⟩+ |11...11010⟩+ |11...1111⟩)

=
1√
N

(|00....00⟩+ |00...01⟩+ |11...11010⟩+ |11...1111⟩)

The uniform amplitudes of all the n-bit strings, in a sense, represents our current complete
uncertainty as to what x∗ is.

We achieve this uniform superposition of all the basis states by sticking a Hadamard gate
on every wire, or equivalently a H⊗n gate on all wires. This superposition trick is common
in quantum algorithms, so get used to it.

The current state can be visualized with a diagram representing amplitudes in a fashion
similar to a bar graph.

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ = mean of amplitudes

1√
N

0

Now we shall query this state by adding an oracle O±f gate. That flips the amplitude of
the x∗ component and leaves everything else unchanged, giving us a state of

− 1√
N
|x∗〉+

∑

x∈{0,1}n
x 6=x∗

1√
N
|x〉 .

Graphically, we now have

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

What we want is to increase the amplitude of x∗ absolutely. This motivates the introduc-
tion of a new gate that performs what is called the Grover diffusion operator. What does
this gate do? First, we have to define a new number

µ =
1

N

∑

x

αx = average of αx for x ∈ {0, 1}n.

where for αx is the amplitude of x for a given x in {0, 1}n. Our Grover diffusion gate is
defined to have the mapping

∑

x∈{0,1}
αx |x〉 7→

∑

x∈{0,1}n
(2µ− αx) |x〉 .

Note that this is a valid quantum gate; it is linear since all the operations in the mapping
are linear, and it is also unitary. We can show it is unitary by verifying that the operation
preserves the norm of the input. In addition, we will later construct the gate out of other
unitary gates.

O.K., what does this gate really do? It flips amplitudes around the average, µ. To
illustrate this, we will apply the gate, labeled D on the original circuit diagram, after the
oracle gate. Here is what our amplitudes look like after application:
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n-qubit Oracle

An example oracle gate O±
f is defined by:

▶ |100...001⟩ → −|100...001⟩
▶ |i0...in−1⟩ → |i0...in−1⟩ when |i0...in−1⟩ ≠ |100...001⟩

The uniform amplitudes of all the n-bit strings, in a sense, represents our current complete
uncertainty as to what x∗ is.

We achieve this uniform superposition of all the basis states by sticking a Hadamard gate
on every wire, or equivalently a H⊗n gate on all wires. This superposition trick is common
in quantum algorithms, so get used to it.

The current state can be visualized with a diagram representing amplitudes in a fashion
similar to a bar graph.

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ = mean of amplitudes

1√
N

0

Now we shall query this state by adding an oracle O±f gate. That flips the amplitude of
the x∗ component and leaves everything else unchanged, giving us a state of

− 1√
N
|x∗〉+

∑

x∈{0,1}n
x 6=x∗

1√
N
|x〉 .

Graphically, we now have

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

What we want is to increase the amplitude of x∗ absolutely. This motivates the introduc-
tion of a new gate that performs what is called the Grover diffusion operator. What does
this gate do? First, we have to define a new number

µ =
1

N

∑

x

αx = average of αx for x ∈ {0, 1}n.

where for αx is the amplitude of x for a given x in {0, 1}n. Our Grover diffusion gate is
defined to have the mapping

∑

x∈{0,1}
αx |x〉 7→

∑

x∈{0,1}n
(2µ− αx) |x〉 .

Note that this is a valid quantum gate; it is linear since all the operations in the mapping
are linear, and it is also unitary. We can show it is unitary by verifying that the operation
preserves the norm of the input. In addition, we will later construct the gate out of other
unitary gates.

O.K., what does this gate really do? It flips amplitudes around the average, µ. To
illustrate this, we will apply the gate, labeled D on the original circuit diagram, after the
oracle gate. Here is what our amplitudes look like after application:
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n-qubit Diffusion
▶ For ease of notation, relabel the basis vectors as |xi ⟩

▶ Example: |1001⟩ is relabeled |x9⟩.
▶ Then a vector ψ⟩ has |ψ⟩ = ∑N

i αi |xi ⟩
▶ Define µ = 1

N

∑N
i αi

▶ Define D : |ψ⟩ → ∑N
i (2µ− αi ) |xi ⟩

▶ Example : if xi ̸= x∗ then αi =
1√
N

otherwise αi = − 1√
N

▶ µ =
(
1− 2

N

)
1√
N

▶ D|ψ⟩ = ∑N
i : xi ̸=x∗

(
1− 4

N

)
1√
N
|xi ⟩+

(
3− 4

N

)
1√
N
|x∗⟩

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 3√
N

µ− αx∗

µ− αx∗

The mean amplitude prior to applying the gate was

∑

x∈{0,1}n
αx =

2n − 1√
N
− 1√

N
=

2n − 2√
N
≈ N√

N
=

1√
N

i.e. 1√
N

minus an insignificant amount. That means when the “reflection around the mean”

occurs with the application of the Grover diffusion operator, almost all the entries x ∈ {0, 1}n
stay roughly the same. But – and here is where the magic happens – the amplitude of x∗

gets magnified to about 3√
N

in magnitude!
Still, this is quite far from our goal of making the amplitude of x∗ greater than a constant.

To make further progress, we can try the most brain-dead thing possible: apply the oracle
and the Grover diffusion gate again! After applying O±f for the second time, we have

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 3√
N

and after applying the Grover diffusion for the second time, we obtain

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 5√
N
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Repeat: oracle plus diffusion

▶ Oracle + Diffusion amplifies amplitude of |x∗⟩ relative to other |xi ⟩.
▶ Apply Oracle + Diffusion to D|ψ⟩

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 3√
N

µ− αx∗

µ− αx∗

The mean amplitude prior to applying the gate was

∑

x∈{0,1}n
αx =

2n − 1√
N
− 1√

N
=

2n − 2√
N
≈ N√

N
=

1√
N

i.e. 1√
N

minus an insignificant amount. That means when the “reflection around the mean”

occurs with the application of the Grover diffusion operator, almost all the entries x ∈ {0, 1}n
stay roughly the same. But – and here is where the magic happens – the amplitude of x∗

gets magnified to about 3√
N

in magnitude!
Still, this is quite far from our goal of making the amplitude of x∗ greater than a constant.

To make further progress, we can try the most brain-dead thing possible: apply the oracle
and the Grover diffusion gate again! After applying O±f for the second time, we have

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 3√
N

and after applying the Grover diffusion for the second time, we obtain

{00 . . . 00} {00 . . . 01} . . .
x∗

. . . {11 . . . 11}

µ

∼ 1√
N

∼ 5√
N
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▶ Repeat again O(
√
N) times so that amplitude of |x∗⟩ is ≈ 1.

▶ Unlike 2-qubit case, answer is approximate.

▶ But can repeat the whole thing to get arbitrary precision.



Does this prove that quantum is faster than classical?
NO!

▶ So far, we don’t know how the time-per-gate changes with N
▶ Suppose processing time for a diffusion gate is k ∗ 2n = k ∗ N?
▶ Then the time-to-solution grows with N, same as classical

▶ And K will certainly be larger than for a classical gate

▶ We will show that the time-per-gate grows as n = log(N).

▶ Also, remember there are ≈
√
N oracle-diffusion repetitions.

▶ So the time-per-circuit grows as
√
Nlog(N)

▶ THIS IS CALLED COMPLEXITY ANALYSIS



Review of 2-qubit matrix representations of product gates
A matrix M(m) is an m-dimensional matrix.
By default with no superscript, M is an 2-dimensional matrix.

▶ Let |v ,w⟩ = v⊗w and define U(4) by U(4)|v ,w⟩ = |Av ,Bw⟩.
▶ A and B represent 1-qubit gates
▶ We say U(4) = A⊗ B and call it a product gate.

▶ With the 4 basis states |00⟩, |01⟩, |10⟩, |11⟩
(
v1
v2

)
⊗
(
w1

w2

)
is represented as α =




v1w1

v1w2

v2w1

v2w2




▶ Thus U(4) = A⊗ B acting on α⊗w has representation

U(4)
α = A ⊗ B

((
v1
v2

)
⊗
(
w1
w2

))
=

((
A11 A12
A21 A22

)(
v1
v2

)
⊗
(
B11 B12
B21 B22

)(
w1
w2

))

=


A11B11 A11B12 A12B11 A12B12
A11B21 A11B22 A12B21 A12B22
A21B11 A21B12 A22B11 A22B12
A21B21 A21B22 A22B21 A22B22




v1w1
v1w2
v2w1
v2w2



▶ Note
U

(4)
11

U
(4)
22

=
U

(4)
33

U
(4)
44

, so a general 2-qubit gate is not a product gate.



3-qubit product gates
▶ Example: Let |v ,w , z⟩ = v⊗w⊗ z and define U(8) by

U(8)|v ,w , z⟩ =
(
A(4) (v⊗w)

)
⊗ (Bz).

▶ We say U(8) = A(4) ⊗ B and call it a product gate.

▶ A matrix representation of U(8) is with respect to the 8 basis states
|000⟩, |001⟩, |010⟩, |011⟩, |100⟩, |101⟩, |110⟩, |111⟩

▶ 3-qubit product gates can be composed in a circuit.

U
𝑄1   

𝑄2
′

𝑄1
′

𝑄2   

U𝑄1   𝑄1
′𝑄2   

H𝑖𝑛1

𝑖𝑛2

𝑜𝑢𝑡1

𝑜𝑢𝑡2

𝑜𝑢𝑡1

𝑜𝑢𝑡2

𝐺2
(4)

𝑣 

𝑤

𝑧

𝒗

V’ = 𝑈1
(8)

𝑽 =  𝐺1𝑣 ⊗ 𝐺2
(4)

(𝑤 ⊗ 𝑧))

𝐺1

𝐺1

V’' = 𝑈2
(8)

𝑽′ = (𝐺2
(4)

(𝑣′ ⊗ 𝑤′)) ⊗ 𝐺1𝑧′

= 𝑈2
(8)

𝑈1
(8)

𝑽

𝑣′ 

𝑤′

𝑧′

V’= 𝑣′ ⊗ 𝑤′ ⊗ 𝑧′ V’’= 𝑣′′ ⊗ 𝑤′′ ⊗ 𝑧′′

𝑣′′ 

𝑤′′

𝑧′′

𝑮

𝑮 = 𝑈2
(8)

𝑈1
(8)

𝒗′′

𝒘 w′′

𝒛 z′′

𝐺2
(4)



3-qubit product gates cont’d
▶ The circuit, G

(4)
2 ⊗ G

(4)
2 followed by G

(4)
2 ⊗ G

(4)
2 , is equivalent to

U
𝑄1   

𝑄2
′

𝑄1
′

𝑄2   

U𝑄1   𝑄1
′𝑄2   

H𝑖𝑛1

𝑖𝑛2

𝑜𝑢𝑡1

𝑜𝑢𝑡2

𝑜𝑢𝑡1

𝑜𝑢𝑡2

𝐺2
(4)

𝑣 

𝑤

𝑧

𝒗

V’ = 𝑈1
(8)

𝑽 =  𝐺1𝑣 ⊗ 𝐺2
(4)

(𝑤 ⊗ 𝑧))

𝐺1

𝐺1

V’' = 𝑈2
(8)

𝑽′ = (𝐺2
(4)

(𝑣′ ⊗ 𝑤′)) ⊗ 𝐺1𝑧′

= 𝑈2
(8)

𝑈1
(8)

𝑽

𝑣′ 

𝑤′

𝑧′

V’= 𝑣′ ⊗ 𝑤′ ⊗ 𝑧′ V’’= 𝑣′′ ⊗ 𝑤′′ ⊗ 𝑧′′

𝑣′′ 

𝑤′′

𝑧′′

𝑮

𝑮 =  (𝐺1⊗ 𝐺2
4

)(𝐺2
4

⊗ 𝐺1) ≝ 𝑈2
(8)

𝑈1
(8)

𝒗′′

𝒘 w′′

𝒛 z′′

𝐺2
(4)

▶ Consider the 3-qubit gate CCX



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


▶ CCX is a sequence of products of 1-qubit and 2-qubit gates.

1

2 H

1

2
≡

1

2 H P H

T

T

H

H

H

P

1

2

Figure 12: Circuit implementing a controlled-H gate (T -depth 1, total depth 9).

1

2

3

1

2

3

≡
1

2

3 H

T

T

T

T†

T†

T†

T H

1

2

3

Figure 13: Circuit implementing a Toffoli gate (T -depth 3, total depth 9).

Lemma 2. Unitary U ∈ U(2n) is exactly implementable by an n-qubit circuit over {CNOT, T}
with k T gates if and only if

U |a1a2...an〉 = ωt|g(a1, a2, ..., an)〉

where ω = e
iπ
4 and t = f1(a1, ..., an) + f2(a1, ..., an) + · · · + fk(a1, ..., an) for some linear Boolean

functions f1, f2, ..., fk and linear reversible function g.

Proof: We remind readers that in the computational basis, CNOT : |a〉|b〉 7→ |a〉|b ⊕ a〉 and
T : |a〉 7→ ωa|a〉.

The forward direction can be observed by writing the circuit implementing U as an alternating
product of CNOT and T circuits. Each CNOT circuit computes a linear reversible function f on
the inputs, while a following T gate on the ith qubit adds an overall phase multiple of ωf

i(a1,...,an)

where f i denotes the linear Boolean function corresponding to the ith output of f . Since the overall
phase has no effect on linear reversible functions, the functions computed by each CNOT circuit
compose and can be written as functions of the inputs, completing the proof.

The reverse direction is equally simple by noting that for any linear Boolean function fi on n
inputs, fi is an output of some linear reversible function on n inputs, and thus can be computed
using only CNOT gates [20]. By applying a T gate to the qubit with state |fi(a1, a2, ..., an)〉 then
uncomputing, the input state is recovered, with an added phase multiple of ωfi(a1,a2,...,an). It then
suffices to observe that g can be computed with CNOT gates, so that U can be implemented with
CNOT s and k T gates. �

We now proceed to prove Theorem 2.
Proof of Theorem 2: Suppose U is implementable by a circuit over {CNOT, T} using k T gates.
Then

U |a1a2...an〉 = ωt|g(a1, a2, ..., an)〉
where t = f1(a1, ..., an) + f2(a1, ..., an) + · · · + fk(a1, ..., an) for some linear Boolean functions
f1, f2, ..., fk and linear reversible function g.

Consider k ≤ m and let f be defined as

f |a1 · · · an〉|b1 · · · bm〉 = |a1 · · · an〉|c1 · · · ck〉|bk+1 · · · bm〉,

18

where T =

(
1 0

0 e
iπ
4

)
and CX =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 =

1+
1

2

10 −
1

2

U
𝑄1   𝑄2

′

𝑄2
′

𝑄1
′

𝑄2   

U𝑄1   𝑄1
′𝑄2   

H0 1
1

2
0 +

H1

1

2

1
1

2
0 −

1

2

0 0

𝑖𝑛1

𝑖𝑛2

𝑜𝑢𝑡1

𝑜𝑢𝑡2



Complexity analysis
▶ Review of 2-qubit gates.

▶ Some gates are product gates
▶ Some gates (e.g. CX (=CNOT)) are not product gates

▶ Assume that the time for all 1- and 2-qubit gates is less than T .

▶ Analysis of 3-qubit gates.

▶ CCX-gate is a sequence of products of 1- and 2-qubit gates

▶ n-qubit gates: represented by N × N unitary matrices with N = 2n.

▶ Theorem without proof:
“Let U represent an n-qubit gate. Then U = U1U2...Um where Ui

represents a product-gate (i.e. a tensor product) whose tensor
components are 1- and 2-qubit gates, and m = O(n).”

▶ The Grover algorithm consists of an n-qubit superposition gate
followed by O(

√
N) repetitions of n-qubit oracle-superposition pairs.

▶ So the Grover complexity is O(n
√
N) = O(log(N)

√
N)

▶ Since each 1- and 2-qubit gates takes less than time T
The time for completion is O(log(N)

√
NT )


