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Why doesn’t a 2-qubit Grover algorithm prove anything?

» This circuit starts with |00) and ends with |pwd) in “one step”.
» We say the classical circuit requires " four steps” (test each “pwd")
» But a quantum “step” takes longer than 4 classical “steps”.

» We want to show for N possible passwords something like
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Problem setup and algorithm outline

» Consider an n-qubit system with computational basis states:

|00...00), |000...01), ... |11..1101), |11...1111)
» The total number of basis states is N = 2"

» Choose a target (“password”) — we'll use the following:

x* =100...001

» Our goal is to identify the state |100...001).

» Our algorithm, to be explained, will be:
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n-qubit Superposition

» Apply a Hadamard gate to all gbits

» Tensor product:

00...00) = |o>o ® ... ®[0)p_1
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n-qubit Oracle

An example oracle gate Ofi is defined by:

> |100...001) — —|100...001)
> |I.0...I.,,,1> — |I.0...I.,,,1> when |I.0...I.,,,1> 7& ‘100001>

{00...00}  {00...01} {11...11}



n-qubit Diffusion

> For ease of notation, relabel the basis vectors as |x;)

» Example: [1001) is relabeled |xo).
> Then a vector ¢) has ) = SN aj|x;)

> Define p= 1 SNy
» Define D : |¢) — Z,N 2u — ;) |x)

L 1 . 1
» Example : if x; # x* then o; = TN otherwise a; = —n

> u=0-%) 75
> DY) = ¥ (1= %) Folx) + (3= %) Fglx)

{00...00}  {00...01} i (p—aes {11...11}




Repeat: oracle plus diffusion

» Oracle + Diffusion amplifies amplitude of |x*) relative to other |x;).

» Apply Oracle + Diffusion to D|¢)
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{00...00}  {00...01} z* {11...11}

> Repeat again O(v/N) times so that amplitude of |x*) is ~ 1.
» Unlike 2-qubit case, answer is approximate.

» But can repeat the whole thing to get arbitrary precision.



Does this prove that quantum is faster than classical?
NO!

» So far, we don’t know how the time-per-gate changes with N

» Suppose processing time for a diffusion gate is k x 2" = k x N7
» Then the time-to-solution grows with N, same as classical
» And K will certainly be larger than for a classical gate

» We will show that the time-per-gate grows as n = log(N).
> Also, remember there are ~ v/N oracle-diffusion repetitions.
> So the time-per-circuit grows as v/Nlog(N)

» THIS IS CALLED COMPLEXITY ANALYSIS




Review of 2-qubit matrix representations of product gates

A matrix M(™ is an m-dimensional matrix.
By default with no superscript, M is an 2-dimensional matrix.

> Let |v,w) = v®w and define UY by U¥|v, w) = |Av, Bw).

» A and B represent 1-qubit gates
> We say U® = A®B and call it a product gate.

> With the 4 basis states |00), |01), |10}, |11)
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> Thus U =A®B acting on a ® w has representation
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A11Bii AuBiz ApBi ApBi viwg
_ | AuBar AuBx  A1pBa A12Bx viw

A2iBii AnBia AxBin AnBip vowy
ABoi AnB  AxnBa AnBxn vow2

U(4) U(4) A A
» Note ﬁ = ﬁ so a general 2-qubit gate is not a product gate.
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3-qubit product gates
> Example: Let |[v,w,z) = v®w ® z and define u® by

U\, w,z) = (A(4) (va w)) ® (Bz).

> We say U® = A® @B and call it a product gate.

» A matrix representation of U® is with respect to the 8 basis states
|000), |001), |010), |011),]100), |101), |110), |111)

» 3-qubit product gates can be composed in a circuit.
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3-qubit product gates cont'd
» The circuit, Gg” ® Gg4) followed by Gg4) ® Gg4), is equivalent to
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» Consider the 3-qubit gate CCX
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» CCX is a sequence of products of 1-qubit and 2-qubit gates.
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Complexity analysis
» Review of 2-qubit gates.

» Some gates are product gates
> Some gates (e.g. CX (=CNOT)) are not product gates

» Assume that the time for all 1- and 2-qubit gates is less than T.
» Analysis of 3-qubit gates.

» (CCX-gate is a sequence of products of 1- and 2-qubit gates
» n-qubit gates: represented by N x N unitary matrices with N = 27,

» Theorem without proof:
“Let U represent an n-qubit gate. Then U = Uy U,...U,,, where U;
represents a product-gate (i.e. a tensor product) whose tensor
components are 1- and 2-qubit gates, and m = O(n)."

» The Grover algorithm consists of an n-qubit superposition gate
followed by O(v/N) repetitions of n-qubit oracle-superposition pairs.

> So the Grover complexity is O(nv/N) = O(log(N)v/'N)

» Since each 1- and 2-qubit gates takes less than time T
The time for completion is O(log(N)V/NT)



